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From the Authors 



By tradition, trigonometry is an important component 
of mathematics courses at high school, and trigonometry 
questions are always set at oral and written examina- 
tions to those entering universities, engineering colleges, 
and teacher-training institutes. 

The aim of this study aid is to help the student to mas- 
ter the basic techniques of solving difficult problems in 
trigonometry using appropriate definitions and theorems 
from the school course of mathematics. To present the 
material in a smooth way, we have enriched the text 
with some theoretical material from the textbook Algebra 
and Fundamentals of Analysis edited by Academician 
A. N. Kolmogorov and an experimental textbook of the 
same title by Professors N.Ya. Vilenkin, A.G. Mordko- 
vich, and V.K. Smyshlyaev, focussing our attention on 
the application of theory to solution of problems. That 
is why our book contains many worked competition 
problems and also some problems to be solved independ- 
ently (they are given at the end of each chapter, the 
answers being at the end of the book). 

Some of the general material is taken from Elementary 
Mathematics by Professors G.V. Dorofeev, M.K. Potapov, 
and N.Kh. Rozov (Mir Publishers, Moscow, 1982), which 
is one of the best study aids on mathematics for pre- 
college students. 

We should like to note here that geometrical problems 
which can be solved trigonometrically and problems 
involving integrals with trigonometric functions are 
not considered. 

At present, there are several problem hooks on mathe- 
matics (trigonometry included) for those preparing to 
pass their entrance examinations (for instance, Problems 
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From, the Authors 



at Entrance Examinations in Mathematics by Yu.V. Nes- 
terenko, S.N. Olekhnik, and M.K. Potapov (Moscow, 
Nauka, 1983); A Collection of Competition Problems in 
Mathematics with Hints and Solutions edited by A. I. Pri- 
lepko (Moscow, Nauka, 1986); A Collection of Problems in 
Mathematics for Pre-college Students edited by A. I. Pri- 
lepko (Moscow, Vysshaya Shkola, 1983); A Collection of 
Competition Problems in Mathematics for Those Entering 
Engineering Institutes edited by M.I. Skanavi (Moscow, 
Vysshaya Shkola, 1980). Some problems have been bor- 
rowed from these for our study aid and we are grateful 
to their authors for the permission to use them. 

The beginning of a solution to a worked example is 
marked by the symbol ^ and its end by the symbol 
The symbol ► indicates the end of the proof of a state- 
ment. 

Our book is intended for high-school and pre-college 
students. We also hope that it will be helpful for the 
school children studying at the “smaller” mechanico- 
mathematical faculty of Moscow State University. 
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Chapter 1 

Definitions and Basic Properties 
of Trigonometric Functions 



1.1. Radian Measure of an Arc. Trigonometric Circle 

1 . The first thing the student should have in mind when 
studying trigonometric functions consists in that the 
arguments of these functions are real numbers. The pre- 
college student is sometimes afraid of expressions such 
as sin 1, cos 15 (but not sin 1°, cos 15°), cos (sin 1), and so 
cannot answer simple questions whose answer becomes 
obvious if the sense of these expressions is understood. 

When teaching a school course of geometry, trigonomet- 
ric functions are first introduced as functions of an angle 
(even only of an acute angle). In the subsequent study, 
the notion of trigonometric function is generalized when 
functions of an arc are considered. Here the study is not 
confined to the arcs enclosed within the limits of one 
complete revolution, that is, from 0° to 360°; the student 
is encountered with arcs whose measure is expressed by 
any number of degrees, both positive and negative. The 
next essential step consists in that the degree (or sexage- 
simal) measure is converted to a more natural radian 
measure. Indeed, the division of a complete revolution 
into 360 parts (degrees) is done by tradition (the division 
into other number of parts, say into 100 parts, is also 
used). Radian measure of angles is based on measuring 
the length of arcs of a circle. Here, the unit of measure- 
ment is one radian which is defined as a central angle 
subtended in a circle by an arc whose length is equal to 
the radius of the circle. Thus, the radian measure of an 
angle is the ratio of the arc it subtends to the radius of 
the circle in which it is the central angle; also called 
circular measure. Since the circumference of a circle of 
a unit radius is equal to 2 it, the length of the arc of 360° 
is equal to 2n radians. Consequently, to 180° there corre- 
spond n radians. To change from degrees to radians and 
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vice versa, it suffices to remember that the relation be- 
tween the degree and radian measures of an arc is of 
proportional nature. 

Example 1.1,1. How many degrees are contained in 
the arc of one radian? 

4 We write the proportion: 

If n radians = 180°, 
and 1 radian = x, 

then x = « 57.29578° or 57°17'44.8". ► 

n 

Example 1.1.2. How many degrees are contained in 

the arc of ^ radians? 

12 

4 If jc radians = 180°, 

■ 35n j . 

and radians — x, 



then x = ( • 180° ) / n =- 525°. 



Example 1.1.3. What is the radian measure of the arc 
of 1984°? 



If jt radians = 180°, 
and y radians = 1984°, 



then 



it- 1984 
y - 180 



496n 

"4T 






► 



2. Trigonometric Circle. When considering either the 
degree or the radian measure of an arc, it is of importance 
to know how to take into account the direction in which 
the arc is traced from the initial point A x to the terminal 
point A 2 - The direction of tracing the arc anticlockwise is 
usually said to be positive (see Fig. la), while the direc- 
tion of tracing the arc clockwise is said to be negative 
(Fig. 1/;). 

W£ should like to recall that a circle of unit radius with 
a given reference point and positive direction is called the 
trigonometric (or coordinate) circle. 
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Usually, the right-hand end point of the horizontal 
diameter is chosen as the reference point. We arrange 
the trigonometric circle on a coordinate plane with the 




Fig. 1 

rectangular Cartesian coordinate system introduced 
(Fig. 2), placing the centre of the circle into the origin. 
Then the reference point has the coordinates (1, 0). We 
denote: A = A (1, 0). Also, let B, C , D denote the points 
5(0, 1), C(-i, 0), 

D (0, — 1), respectively. 

The trigonometric cir- 
cle will be denoted by S. 

According to the afore- 
said, 

5 = {(*, yy.x* + y 2 = l}. 

3. Winding the Real 
Axis on the Trigonometric 
Circle. In the theory of 
trigonometric functions 
the fundamental role is 
played by the mapping 
P : R-+-S of the set R of real numbers on the coordi- 
nate circle which is constructed as follows: 

(1) The number t = 0 on the real axis is associated 
with the point A: A — P n . 

(2) If t > 0, then, on the trigonometric circle, we 
consider the arc AP t , taking the point A — P (l as the 
intitial point of the arc and tracing the path of length t 
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round the circle in the positive direction. We denote the 
terminal point of this path by P t and associate the num- 
ber t with the point P t on the trigonometric circle. Or 
in other words: the point P t is the image of the point 
A = P 0 when the coordinate plane is rotated about the 
origin through an angle of t radians. 

(3) If t < 0, then, starting from the point A round the 
circle in the negative direction, we shall cover the path of 
length | t |. Let P t denote the terminal point of this 
path which will just be the point corresponding to the 
negative number t. 

As is seen, the sense of the constructed mapping P: R->- 
S consists in that the positive semiaxis is wound onto 
S in the positive direction, while the negative semiaxis 
is wound onto S in the negative direction. This mapping 
is not one-to-one: if a point F 6 S corresponds to a num- 
ber 1 £ R, that is, F = P t , then this point also corre- 
sponds to the numbers t + 2it, t — 2n: F = P t+2Jt = 
Pt-w- Indeed, adding to the path of length t the 
path of length 2n (either in the positive or in the nega- 
tive direction) we shall again find ourselves at the point F, 
since 2it is the circumference of the circle of unit radius. 
Hence it also follows that all the numbers going into 
the point P t under the mapping / J have the form t + 2 nk, 
where k is an arbitrary integer. Or in a briefer formula- 
tion: the full inverse image P~ l ( P t ) of the point P t 
coincides with the set 

{ t -f 2 nk: k £ Z}. 

Remark. The number t is usually identified with the 
point P t corresponding to this number, however, when 
solving problems, it is useful to find out what object is 
under consideration. 

Example 1.1.4. Find all the numbers t £ R correspond- 
ing to the point F£S with coordinates (— 1/2/2, 
- 1/2/2) under the mapping P. 

◄( The point F actually lies on S, since 







1.1. Radian Measure of an Arc 



13 



Let X, Y denote the feet 
of the perpendiculars drop- 
ped from the (point F on 
the coordinate axes Ox and 
Oy (Fig. 3). Then | XO | = 

| FO | = i XF |, and 
A XFO is a right isosceles 
triangle, /LXOF = 45° = 
jt/4 radian. Therefore 
the magnitude of the arc f 

AF is equal to ax -f 

and to the point F there 
correspond the numbers 

^ + Ink, k 6 Z, and only 

Example 1.1.5. Find all th< 
the vertices of a regular N - go 




they. ^ 

numbers corresponding to 
i inscribed in the trigono- 




metric circle so that one of the vertices coincides with the 
point P t (see Fig. 4 in which N = 5). 

•^The vertices of a regular iV-gon divide the trigonomet- 
ric circle into N equal arcs of length 2 n/N each. Con- 
sequently, the vertices of the given iV-gon coincide 
with the points A t = P 2 m , where l — 0, 1, . . ., N — 1 . 

i+ ~N~ 

Therefore the sought-for numbers 1 6 R have the form 
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2jt& 

1 -I- — r;- , where h f Z. The last assertion is verified in the 

following way: any integer k £ Z can be uniquely written 
in the form k = iVro + l , where 0 ^ l ^ jV — 1 and to , 
l g Z, 1 being the remainder of the division of the integer 

* by IV. It is now obvious that the equality 1 + -^- = 

OjrJ 

1 -f- + 2 jito is true since its right-hand side con- 




tains the numbers which correspond to the points P 2 m 

1+ N 

on the trigonometric circle. ^ 

Example 1.1.6. Find the points of the trigonometric 
circle which correspond to the following numbers: (a) 3 jt/ 2, 
(b) 13n;/2, (c) — 15ji/4, (d) — 17n/6. 

◄ (a) -^- = -|--2jt, therefore, to the number there 

corresponds the point D with coordinates (0, — 1), since 
the arc AD traced in the positive direction has the mea- 

sure equal to of a complete revolution (Fig. 5). 

(b) = 3-2 ji +-y, consequently, to the number ^ 

there corresponds the point B (0, 1): starting from the 
point A we can reach the point B by tracing the trigono- 
metric circle in the positive direction three times and 
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15 



then covering a quarter of revolution (jt/2 radian) in the 
same direction. 

(c) Let us represent the number — 15 ji/ 4 in the form 
2nk ~i- t 0 , where k is an integer, and t 0 is a number such 
that 0^ t 0 <Z 2jx. To do so, it is necessary and sufficient 
that the following inequalities he fulfilled: 

2nk^. — 15jx/4 ^ 2n ( k + 1). 



3 

Let us write the number — 15 jt/ 4 in the form — 3 -7-11 = 

— 4m; whence it is clear that k— — 2, t 0 — n/ 4, 

and to the number t =*— 15it/4 there corresponds a 
point E = P„/ 4 such that the size of the angle EOA is 
jt/ 4 (or 45°). Therefore, to construct the point jP_ 15 „/ 4 , we 
have to trace the trigonometric circle twice in the negative 
direction and then to cover the path of length n/4 corre- 
sponding to the arc of 45° in the positive direction. The 
point E thus obtained has the coordinates (1^2/2, ]/ 2/2). 

(d) Similarly, — — — 2 — 2n — p- = — 3jt-f- 

■y , and in order to reach the point F = P-nn/e (start- 
ing from A), we have to cover one and a half revolutions 
(3 ji radians) in the negative direction (as a result, we 
reach the point C (—1, 0)) and then to return tracing an 
arc of length it/6 in the positive direction. The point F 
has the coordinates (— ]/ 3/2, —1/2). ^ 

Example 1.1.7. The points A = P 0 , B — P n/ 2 , C = 
P ni D — P331/2 divide the trigonometric circle into 
four equal arcs, that is, into four quarters called quad- 
rants. Find in what quadrant each of the following points 
lies: (a) P 10 , (b) P B , (c) P_ 8 . 

•^To answer this question, one must know the approxi- 
mate value of the number n which is determined as half 
the circumference of unit radius. This number has been 
computed to a large number of decimal places (here are the 
first 24 digits: n « 3.141 592 653 589 793 238 462 643). 

To solve similar problems, it is sufficient to use far less 
accurate approximations, but they should be written in 
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the form of strict inequalities of type 



3.1 < n < 3.2 


(1.1) 


3.14 < jt < 3.15, 


(1.2) 


3.141 < si < 3.142. 


(1.3) 



Inaccurate handling of approximate numbers is a flagrant 
error when solving problems of this kind. Such problems 
are usually reduced to a rigorous proof of some inequali- 
ties. The proof of an inequality is, in turn, reduced to 
a certain obviously true estimate using equivalent 
transformations, for instance, to one of the estimates 
(1.1)-(1.3) if from the hypothesis it is clear that such 
an estimate is supposed to be known. In such cases, some 
students carry out computations with unnecessarily 
high accuracy forgetting about the logic of the proof. 
Many difficulties also arise in the cases when we have to 
prove some estimate for a quantity which is usually 
regarded to be approximately known to some decimal 
digits; for instance, to prove that n > 3 or that n < 4. 
The methods for estimating the number jt are connected 
with approximation of the circumference of a circle with 
the aid of the sum of the lengths of the sides of regular 
IV-gons inscribed in, and circumscribed about, the trigo- 
nometric circle. This will be considered later on (in 
Sec. 5.1); here we shall use inequality (1.1) to solve 
the problem given in Example 1.1.7. 

Let us find an integer k such that 






( 1 . 4 ) 



Then the number of the quadrant in which the point P 10 is 
located will be equal to the remainder of the division of 
the number k + 1 by 4 since a complete revolution con- 
sists of four quadrants. Making use of the upper estimate 

jt < 3.?, we find that 9.6 for k = 6; at the same 

time, it > 3.1 and - ^ > 3.1 *3.5 — 10.85. 

Combining these inequalities with the obvious inequality 



9.6 < 10 < 10.85, 
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wo get a rigorous proof of the fact that inequality (1.4) 
is fulfilled for k = (i, and the point P 10 lies in the third 
quadrant since the remainder of the division of 7 by 4 
is equal to 3. 

In similar fashion, we find that the inequalities 



-y L<8< 



«(* + l) 
2 



are valid for k — 5, since iL^L 3 ^' 5 - ==■ 8 and 
3 1-6 

■-‘ 2 - — 9.3. Consequently, the point P s lies in the 

second quadrant, since the remainder of the division of 
the number k + 1 = 6 by 4 is equal to 2. The point P_ 8 , 
symmetric to the point P 8 with respect to the z-axis, lies 
in the third quadrant. ^ 

Example 1.1.8. Find in which quadrant the point 

P ,/r 3 7 lies. 

- V •' v 1 

•4 Let us find an integer k such that 



nk/2 < — Y 5 — ^7 < n (A; -f l)/2. (1.5) 

To this end, we vise the inequalities 
2.2 < )/ 5< 2.3, 

1.9< 3 /7<2, 

whose validity is ascertained by squaring and cubing both 
sides of the respective inequality (let us recall that if 
both sides of an inequality contain nonnegative numbers, 
then raising to a positive power is a reversible transforma- 
tion). Consequently, 

— 4.3 < — V 5 — 3 / 7 < — 4.1. (1.6) 

Again, let ns take into consideration that 3.1 < n <C 3.2. 
Therefore the following inequalities are fulfilled: 

n ( — 3)/2 < -4.65 < -4.3, (1.7) 

jx {-2)12 > -3.2 > -4.1. (1.8) 

From inequalities (1.6)-(1.8) it follows that (1.5) is 
valid for k == — 3, consequently, the point P_,/i_y 7 

lies in the second quadrant, since the remainder after the 
division of the number —3 + 1 by 4 is equal to 2. ► 
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18 1. Properties of Trigonometric Functions 

1.2. Definitions of the Basic Trigonometric Functions 



1. The Sine and Cosine Defined. Here, recall that in 
school textbooks the sine and cosine of a real number t £ 
R is defined with the aid of a trigonometric mapping 

P: R -v S. 



Definition. Let the mapping P associate a number t 6 R 
with the point P, on the trigonometric circle. Then the 

ordinate y of P t is called 



P t (cosf,sin t ) 




the sine of the number t and 
is symbolized sin f, and 
the abscissa x of P t is called 
the cosine of the num- 
ber t and is denoted by 
cos f. 

Let us drop perpendicu- 
lars from the point P t on 
the coordinate axes Ox and 
Oy. Let X t and Y t denote 
the feet of these perpendic- 
ulars. Then the coordinate 
of the point Y t on the 
and the coordinate of the 
equal to cos t (Fig. 6). 

The lengths of the line segments OY t and OX , do not 
exceed 1, therefore sin t and cos t are functions defined 
throughout the number line whose values lie in the closed 
interval [ — 1, 11: 



y-axis is 
point X t 



equal to sin t, 
on the .r-axis is 



D (sin t) = D (cos t) = R, 

E (sin f) = E (cos t) = [ — 1, 1], 

The important property of the sine and cosine (the 
fundamental trigonometric identity): for any t £ R 

sin 2 t -f- cos 2 t — 1. 

Indeed, 'the coordinates^-, y) of the point P t on the trig- 
onometric circle satisfy the relationship x 2 + i/ 2 = l, 
and consequently cos 2 t + sin 2 t = 1. 

Example 1.2.1. Find sin t and cos t if: (a) t = 3jt/ 2, 
(b) t = 13n/2, (c) t = — 15jt/ 4, (d) t — — 17ji/6. 
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•^In Example 1.1.6, it was shown that 

P 3n/ 2 = 0(0, -1), Pvw2 = B( 0, 1), 

P_i 5JI/4 = E (]/2/2, 1/2/2), P_i7n/6 = F (-Y3/2, -1/2). 

Consequently, sin (3 jt/ 2) — — 1, cos (3n/2) =_ 0; 

sin (13it/2) = 1, cos (13n/2) == 0; sin ( — 15n/41 = Y 2/2, 
cos ( — 15n/4) = Y 2/2; sin ( — 17 jt/6) = —1/2, 

cos( — 17n/6) = — 1/ 3/2. ► 

Example 1.2.2. Compare the numbers sin 1 and sin 2. 
Consider the points P x and P 2 on the trigonometric 
circle: P x lies in the first quadrant and P 2 in the second 
quadrant since n/2 < 2 < jx . 

Through the point P 2 , we 
pass a line parallel to the 
ar-axis to intersect the cir- 
cle at a point E. Then the 
points E and P 2 have equal 
ordinates. Since Z_AOE = 

/_PzOC, E — P n _ 2 (Fig. 7), 
consequently, sin 2 = 
sin (jt — 2) (this is a partic- 
ular case of the reduction 
formulas considered below). 

The inequality it — 2 > 1 
is valid, therefore sin (ji — Fig. 7 

2) > sin 1, since both 

points P x and P„_ 2 lie in the first quadrant, and when 
a movable point traces the arc of the first quadrant 
from A to B the ordinate of this point increases from 0 
to 1 (while its abscissa decreases from 1 to 0). Conse- 
quently, sin 2 > sin 1. ► 

Example 1.2.3. Compare the numbers cos 1 and cos 2. 
•^The point P 2 lying in the second quadrant has a nega- 
tive abscissa, whereas the abscissa of the point P x is 
positive; consequently, cos 1 > 0 > cos 2. ► 

Example 1.2.4. Determine the signs of the numbers 
sin 10, cos 10, sin 8, cos 8. 

^It was shown in Example 1.1.7 that the point P 10 lies 
in the third quadrant, while the point P 8 is in the second 
quadrant. The signs of the coordinates of a point on the 
trigonometric circle are completely determined by the- 




2 * 
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position of a given point, that is, by the quadrant in 
which the point is found. For instance, both coordinates 
of any point lying in the third quadrant are negative, 
while a point lying in the second quadrant has a negative 
abscissa and a positive ordinate. Consequently, sin 10 < 0, 
cos 10 < 0, sin 8 > 0, cos 8 < 0. )► 

Example 1.2.5. Determine the signs of the numbers 
sin (]^S+ 3 /7) and cos ()/"5+ ^7). 

•4 From what was proved in Example 1.1.8, it follows that 

n<]/5 + 3 /7<3n/2. 

Consequently, the point P y^ + yij lies in the third 
quadrant; therefore 

sin(]/5 + 3 /7)<0, cos(y5 + 3 /7)<0. * 

Note for further considerations that sin t — 0 if and 
only if the point P t has a zero ordinate, that is, P t = A 
or C, and cos t — 0 is equivalent to that P t — B or D 
(see Fig. 2). Therefore all the solutions of the equation 
sin t — 0 are given by the formula 

t — nn, n £ Z, 

and all the solutions of the equation cos t = 0 have the 
form 

t = + nn, n£ Z. 



2. The Tangent and Cotangent Defined. 

Definition. The ratio of the sine of a number t 6 R to 
the cosine of this number is called the tangent of the 
number t and is symbolized tan t. The ratio of the cosine 
of the number t to the sine of this number is termed the 
cotangent of t and is denoted by cot t. 

By definition, 



tan t 



sin t 
cos t ’ 



cot t 



cos t 
sin t * 



The expression has sense for all real values 

of t, except those for which cos t — 0, that is, except 
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for the values t = -^- + JiA% 

k £ Z, and the expression 
cot t has sense for all val- 
ues of t, except those for 
which sin t = 0, that is, 
except for t — nk, k £ Z. 

Thus, the function tan t is 
defined on the set of all 
real numbers except the 

numbers t = y +nk,k£ Z. 

The function cot t is defined 
on the set of all real num- 
bers except the numbers 
t = nk, k £ Z. 

Graphical representation of the numbers tan t and cot t 
with the aid of the trigonometric circle is very useful. 
Draw a tangent AB' to the trigonometric circle through 
the point A — P 0 , where B' = (1, 1). Draw a straight 
line through the origin 0 and the point P t and denote the 
point of its intersection with the tangent AB ' by Z t 
(Fig. 8). The tangent AB' can be regarded as a coordi- 
nate axis with the origin A so that the point B' has the 
coordinate 1 on this axis. Then the ordinate of the point 
Z , on this axis is equal to tan t. This follows from the 
similarity of the triangles OX t P t and OAZ t and the defini- 
tion of the function tan t. Note that the point of inter- 
section is absent exactly for those values of t for which 

P t — B or D, that is, for t = y + nti, n £ Z, when the 

function tan t is not defined. 

Now, draw a tangent BB' to the trigonometric circle 
through the point B and consider the point of intersection 
W t of the line OP t and the tangent. The abscissa of W t 
is equal to cot t. The point of intersection W t is 
absent exactly for those t for which P t = A or C, that is, 
when t = nn, n 6 Z, and the function cot t is not defined 
(Fig. 9). 

In this graphical representation of tangent and cotan- 
gent, the tangent lines^45' and BB’ to the trigonometric 
circle are called the line (or axis ) of tangents and the line 
(axis) of cotangents, respectively. 
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Example 1.2.6. Determine the signs of the numbers: 
tan 10, tan 8, cot 10, cot 8. 




•^In Example 1.2.4, it was shown that sin 10 < 0 and 
cos 10 <0, sin 8 > 0 and cos 8 < 0, consequently, 
tan 10 > 0, cot 10 > 0, tan 8 < 0, cot 8 < 0. 




Fig. 10 

Example 1.2.7. Determine the sign of the number 
cot 5 547). _ 

■4 In Example 1.2.5, it was shown that sin ( j/5 + 3 /7) 

0, _ and cos (1^5 -(- Yl) <; 0, therefore cot (l/5 
3 /7)>0. ► 



+ A 
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Example 1.2.8. Find tan t and cot t if t= , 

17 Jt 11 JT 

fi~’ “fi - - 

M As in Item 3 of Sec. 1.1, we locate the points P 3 „ A . 
P 1 7 jt /4 (Fig. 10a), P_ 17n/6 , Pim/6 (Fig. 10 b) on the trig- 
onometric circle and compute their coordinates: 

P*m(-V 2/2, 1/2/2), P 17n/4 (1/2/2, V 2/2), , 

17^/6 (-1/3/2, -1/2), P lin/6 (y 3/2, -1/2), 
therefore tan (3n/4) = cot (3n/4) = — 1, tan (17n/4)— - 

cot (17n/4) = 1, tan (— 17n/6) = 1/1/3 - V 3/3, 

cot ( — 17jt/6) = ]/3, tan(llji/6)= — "j/ 3/3, cot (11ji/6) ----- 
-1/3. ^ 

1.3. Basic Properties of Trigonometric Functions 

1. Periodicity. A function / with domain of delinition 
X — D (/) is said to be periodic if there is a nonzero num- 
ber T such that for any x £ X 

x + T 6 X and x — T £ X, 
and the following equality is true: 

/ (x — T) = f (,) = / (x + T). 

The number T is then called the period of the function 
/ (x). A periodic function has infinitely many periods 
since, along with T , any number of the form nT, where n 
is an integer, is also a period of this function. The smal- 
lest positive period of the function (if such period exists) 
is called the fundamental period. 

Theorem 1.1. The functions f (x) — sin x and f (x) = 
cos x are periodic with fundamental period 2n. 

Theorem 1.2. The functions f (x) = tan x and f (x) = 
cot x are periodic with, fundamental period n. 

It is natural to carry out the proof of Theorems 1.1 
and 1.2 using the graphical representation of sine, cosine, 
tangent, and cotangent with the aid of the trigonometric 
circle. To the real numbers x, x + 2ji, and x — 2n, 
there corresponds one and the same point P x on the 
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trigonometric circle, consequently, these numbers have 
the same sine and cosine. At the same time, no positive 
number less than 2 ji can be the period of the functions 
sin x and cos x. Indeed, if T is the period of cos x, then 
cos T — cos (0 + T) = cos 0 = 1. Hence, to the num- 
ber T, there corresponds the point P T with coordinates 
(1, 0), therefore the number T has the form T — 2 nn 
( n £ Z); and since it is positive, we have 2n. Similar- 
ly, if T is the period of the function sin x, then sin ^ -f 

T ) =siny= 1, and to the number ~ + T there 

corresponds the point P n with coordinates (0, 1). 

T +t 

Hence, + T = y + 2 nn (n £ Z) or T = 2 nn, that is, 

r>2ji. ► 

To prove Theorem 1.2, let us note that the points P t 
and P t + n are symmetric with respect to the origin for 
any t (the number ji specifies a half-revolution of the 
trigonometric circle), therefore the coordinates of the 
points P t and P t + n are equal in absolute value 
and have unlike signs, that is, sint — —sin (t + jx), 

cos t — — cos ( t + ji). Consequently, tan t = * = 



— sin (t + ji) 

— cos C + n) 



= tan ( t + n), 



. . cost — cos(t-(-jt) 

cot t = -V— r— ; — 7— r 

sin t — sin (t + a) 



cot (t n). Therefore n is the period of the functions 



tan t and cot t. To make sure that n is the fundamental 



period, note that tan 0 = 0, and the least positive value 
of t for which tan t = 0 is equal to n. The same rea- 
soning is applicable to the function cot t. ^ 

Example 1.3.1. Find the fundamental period of the 
function / ( t ) = cos 4 t 4 sin t. 

■^The function / is periodic since 



/ (t + 2 n) = cos 4 ( t 4- 2jx) 4- sin (t 4- 2ji) 

= cos 4 t 4 sin t. 



No positive number T, smaller than 2it, is the period 



of the function / ( t ) 
f (~2~) • I n deed, the 



since /(--f )=*/(— 

( T \ T 

1 and sin y 
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are distinct from zero and have unlike signs, the 

T 

and cos-g- coincide, therefore 

C °S* ( — 4p ) + sin ( — -J- ) ¥= cos 4 ~ + sin ~ . y 

Example 1.3.2. Find the fundamental period of the 
function / (]/ r ox) if it is known that T is the fundamental 
period of the function / (x). 

•4 First of all, let us note that the points x — t, x, 
x + t belong to the domain of definition of the func- 
tion g(x) = f(Y 5x) if and only if the points xY§ — 
tV 5, xY 5, xY 5 '■) ~t Y 5 belong to the domain of def- 
inition of the function / (x). The definition of the func- 
tion g (x) implies that the equalities g (x — t) — 
g (x) == g (x + t) and / (xY 5 — f]/B) = / {xYl) = 
/ (xY r o + ty 5) are equivalent. Therefore, since T is the 
fundamental period of the function / (a), the number 
77)/ 5 is a period of the function g (x); it is the funda- 
mental period of g (x), since otherwise the function g (x) 
would have a period t < 77}/ 5, and, hence, the function 
/ (,r) would have a period t]/ 5, strictly less than T. y 
Note that a more general statement is valid: if a func- 
tion / (a) has the fundamental period 7', then the func- 
tion g (x) = / (ax + b) (a =f=- 0) has the fundamental 
period 77 1 a |. 

Example 1.3.3. Prove that the function / ( x ) = 
sin Y I x I is not periodic. 

•4 Suppose that T is the period of the function / (x). 
We take a positive x satisfying the equality sin y x 1. 
Then sin y x-\- T sin }/ x — 1, hence \J x-\ T — y x -- 
2nn (n£ Z). But therefore the following 

inequality holds true: 

Y %+ 7 T ^2ji-f V x - 

Both sides of this inequality contain positive numbers, 
consequently, when squared, this inequality will be jre- 
placed by an equivalent one: x -|- -1" 4jx )/#•-(- 

x or 



numbers cos 



(-T-) 



T ^ 4ji 2 -f- 4n Y x - 
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The obtained inequality leads to a contradiction since 
the number Y x can b e chosen arbitrarily large and, in 
particular, so that the inequality is not valid for the 
given fixed number T. ► 

2. Evenness and Oddness. Recall that a function / is 
said to be even if for any x from its domain of definition 
— x also belongs to this domain, and the equality 
/ ( — x) — j (a:) is valid. A function / is said to be odd if, 

under the same conditions, 
the equality /(— x) = 
— / (x) holds true. 

A couple of examples of 
even functions: / (x) = x 2 , 
/ {x) — x* + V 5x 2 + ji. 

A couple of examples of 
odd functions: f{x)— — \/ x 3 , 
/ (a - ) = 2a: 5 + nx 3 . 

Note that many functions 
are neither even nor odd. 
For instance, the function 
/ (x) = x 3 + x 2 + 1 is not 
even since /( — x) — 
( — x) 3 + (— a) 2 + 1 = 
— x 3 + x 3 + 1 =/= f (x) for a- = 7 ^ 0 . Similarly, the function 
/ (x) is not odd since / ( — x ) — / ( x ). 

Theorem 1.3. The junctions sin x, tan x, cot x are odd , 
and the junction cos x is even. 

Proof. Consider the arcs AP t and AP of the trigono- 
metric circle having the same length | t | but opposite 
directions (Fig. 11). These arcs are symmetric with 
respect to the axis of abscissas, therefore their end points 

P t (cos t, sin t ), P_ t (cos ( — t), sin (— t)) 

have equal abscissas but opposite ordinates, that is, 
cos ( — t) — cos t, sin ( — t) = — sin t. Consequently, 
the function sin t is odd, and the function cos t is even. 

Further, by the definition of the tangent and cotangent, 




Fig. 11 



sin ( — t) — sin t 
cos ( — t) 



tan( — t) 



cos t 



= — tan t 
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if cos t =/= 0 (here also cos (— t) — cos t ^ 0), and 



cot ( — t) 



cos ( - t) 
sin ( — t) 



cos t 
— sin t 



— cot t 



if sin t 0 (here also sin (— t) = —sin t =£ 0). Thus, 
the functions tan t and cot t are odd. ► 

Example 1.3.4. Prove that the function / ( t ) = 

sin 3 2 1 cos 4 1 + tan 5 1 is odd. 

^Note that /( — t ) = (sin ( — 2t)) 3 cos (— 2t) + 

tan (— 5f) = (—sin 2 1) 3 cos 2 1 — tan 5t = — / (t) for 
any t from the domain of 
definition of the function 
(that is, such that 

cos 5f ^ 0). ^ 

3. Monotonicity. Recall 

that a function / defined 

in an interval X is said to 

be increasing in this inter- 
val if for any numbers x ± , 
such that , x l < x 2 
the inequality / (aq) < / (x 2 ) 
holds true; and if a weak 
inequality is valid, that is, 
f (aq) ^ / (z 2 ), then the func- Pig- 12 

tion f is said to be nonde- 
creasing on the interval X. The notion of a decreasing 
function and a nonincreasing function is introduced in 
a similar way. The properties of increasing or decreasing 
of a function are also called monotonicity of the function. 
The interval over which the function increases or decreases 
is called the interval of monotonicity of the function. 

Let us test the functions sin t and cos t for monotonici- 
ty. As the point P t moves along the trigonometric circle 
anticlockwise (that is, in the positive direction) from the 
point A = P 0 to the point B (0, 1), it keeps rising and 
displacing to the left (Fig. 12), that is, with an increase 
in t the ordinate of the point increases, while the abscissa 
decreases. But the ordinate of P, is equal to sin t, its 
abscissa being equal to cos t. Therefore, on the closed 
interval [0, ji/2], that is, in the first quadrant, the func- 
tion sin£ increases from 0 to 1, and cos t decreases 
from 1 to 0. 
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Similarly, we can investigate the behaviour of these 
functions as the point P t moves in the second, third, and 
fourth quadrants. Hence, we may formulate the following 
theorem. 

Theorem 1.4. On the interval [0, n/2l the junction 
sin t increases from 0 to i, while cos t decreases from 1 to 0. 
On the interval [ji/2, n\ the function sin t decreases from 1 
to 0, while cos t decreases from 0 to — 1 . On the interval 
[ji, 3jt/2] the function sin t decreases from 0 to — 1 while 
cos t increases from — 1 to 0. On the interval [3e/2, 2n] 
the function sin t increases from — 1 to 0, while cos t 
increases from 0 to 1 . 
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The proof of the theorem is graphically illustrated in 
Figs. 12-15, where points P u , P u , P u are such that 
ti <C t 2 <C t 3 . ► 

Theorem 1 .5. The function tan t increases on the interval 
( — n/2, n/2), and the function cot t decreases on the inter- 
val (0, n). 

Proof. Consider the function tan t. We have to show 
that for any numbers t x , t 2 such that —n/2 < t x < t 2 < 
n/2, the inequality tan t t < tan t 2 holds. 

Consider three cases: 

(1) 0^ t x <C t 2 < n/2. Then, by virtue of Theorem 1.4, 

0^ sin t 1 < sin t 2 , cos t x > cos t 2 > 0, 

whence 

sin t t sin t 2 

cos t t cos t 2 ' 

Consequently, tan t x <. tan t 2 . 

(2) —n/2 < t x < 0 < t 2 < n/2. In this case, 
tan tj < 0, and tan t 2 >» 0, therefore tan t x < tan t 2 . 

(3) — it/2 < fj < 0. By virtue of Theorem 1.4, 

sin t x < sin t 2 ^.0, 0 <; cos t x < cos t 2 , 

therefore 

sin t, ^ _ sin t 2 

cos cos t 2 ’ 

that is, tan t x ■< tan t 2 . 

The proof for the function cot t is carried out in a sim- 
ilar way. ^ 

Note that the monotonicity properties of the basic 
trigonometric functions on other intervals can be obtained 
from the periodicity of these functions. For example, 
on the closed interval [— jt/2, 0] the functions sin t and 
cos t increase, on the open interval (n/2, 3x/2) the func- 
tion tan t increases, and on the open interval (n, 2n) 
the function cot t decreases. 

Example 1 .3.5. Prove that the functions sin (cos t) 
and cos (sin t) decrease on the interval [0, n/2]. 

■<If t x , t 2 6 10, n/2], where f x < t 2 , then, by Theorem 1.4, 
sin t t < sin t 2 , and cos t 2 <C cos t v Note that the 
points on the trigonometric circle, corresponding to the 
real numbers sin t u sin t 2 , cos t„ cos t 2 , are in the first 
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quadrant since these numbers lie on the closed interval 
[0,1], and 1 < n/2. Therefore, we may once again apply 
Theorem 1.4 which implies that for any f x , t 2 6 [0, n/2] 
such that f x < t 2 , the following inequalities are valid: 

sin (cos fj) > sin (cos t 2 ), cos (sin t x ) > cos (sin t 2 ), 

that is, sin (cos t) and cos (sin t) are decreasing functions 
on the interval [0, n/2]. ► 

4. Relation Between Trigonometric Functions of One 
and the Same Argument. If for a fixed value of the argu- 
ment the value of a trigonometric function is known, 
then, under certain conditions, we can find the values of 
other trigonometric functions. Here, the most important 
relationship is the principal trigonometric identity (see 
Sec. 1.2, Item 1): 

sin 2 t -f- cos 2 t = 1. (1.9) 

Dividing this identity by cos 2 t termwise (provided 
cos f =£ 0), we get 

where t^=-^- + nk, k£Z. Using this identity, it is 

possible to compute tan t if the value of cos t and the sign 
of tan t are known, and, vice versa, to compute cost 
given the value of tan t and the sign of cos t. In turn, 
the signs of the numbers tan f and cos t are completely 
determined by the quadrant in which the point P tl 
corresponding to the real number t , lies. 

Example 1.3.6. Compute cost if it is known that 
tan t — and t g (ji, 

From formula (1.10) we find: 

o . 1 1 144 

Pf|C4 / 

1 + tan 2 1 , , 25 169 ' 

1 + l44- 

Consequently, | cos f | = 12/13, and therefore either 
cost = 12/13 or cost = — 12/13. By hypothesis, 
t 6 (n, 3 jt/ 2), that is, the point P t lies in the third quad- 
rant. In the third quadrant, cos t is negative; consequent- 
ly, cost = —12/13. 
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Dividing both sides of equality (1.9) by sin 2 t (for 
sin t 0) termwise, we get 

1 + eot 2 t > (1-11) 

where t =/= nk , k £ Z. Using this identity, we can com- 
pute cot t if the value of sin t and the sign of cot t are 
known and compute sin t knowing the value of cot fand 
the sign of sin t. 

Equalities (1.9)-(1.11) relate different trigonometric 
functions of one and the same argument. 



1 /». Solving the Simplest Trigonometric Equations. 

Inverse Trigonometric Functions 

1. Solving Equations of the Form sin t — m. Arc Sine. 
To solve the equation of the form sin t = m, it is neces- 
sary to find all real numbers t such that the ordinate 
of the corresponding point 
P t is equal to m. To this 
end, we draw a straight line 
y = m and find the points 
of its intersection with the 
trigonometric circle. There 
are two such points if 
j m | < 1 (points E and F 
in Fig. 16), one point if 
| m | — 1, and no points 
of intersection for | m | >1. 

Let | m |^1. One of the 
points of intersection lies 
necessarily in the right- 
hand half-plane, where 

0. This point can be written in the form E = P to , 
where t 0 is some number from the closed interval [ — n/2, 
n/21. Indeed, when the real axis is being wound on the 
trigonometric circle, the numbers from the interval 
[ — n/2, ji/ 21 go into the points of the first and fourth 
quadrants on the trigonometric circle, the points B and D 
included. Note that the ordinate sin f„ of the point 
E — P t is equal to m: sin t 0 = m. 
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Definition. The arc sine oi a number m is a number f 0 , 
— n/2^. t 0 ^. n/2, such that sin f 0 = in. The following 
notation is used: t 0 — arcsin m (or sin -1 m). 

Obviously, the expression arcsin m has sense only for 
|m |^1. By definition, we have: 

sin (arcsin m) — m, ~-n/2^ arcsin m ^ nl2. 

The following equality holds true: 

arcsin ( — in) — — arcsin m. 



Note that the left-hand point F of intersection of the 
line y = /re with the trigonometric circle can be written in 
the form F --- therefore all the solutions of the equa- 

tion sin t — m, | m 1, 




are given by the formulas 
t = arcsin m + 2 nk, k 6 Z, 

t = n — arcsin m f 2 nk, 
k £ Z, 

which are usually united 
into one formula: 

t = (—1)” arcsin m + nre, 
n £ Z. 



Fig. 17 Example 1 .4.1. Solve the 

equation sin t — — 1/2. 

Consider the points of intersection of the line p = — 1/2 
and the trigonometric circle S. Let X and Y be the feet of 
the perpendiculars dropped from the right-hand point E 
of intersection on the coordinate axes (Fig. 17). In the 
right triangle XOE, we have: | EX | = 1/2, j OE \ — 1, 
that is, /_XOE — 30°. Consequently, /_AOE is measured 
by an arc of — Jt/G radian, and E = P-„/ a . Therefore 
arcsin (—1/2) = — jt/6, and the general solution of the 

equation sin t = — 1/2 has the form t = ( — l) n+1 -^r + 

nn, re 6 Z. ► 

Example 1.4.2. What is the value of arcsin (sin 10)? 
In Example 1.1.7 it was shown that the point P l0 lies 
in the third quadrant. Let t = arcsin (sin 10), then 
sin t — sin 10 < Oand — ji/2^ n!2. Consequently, the 

point P t lies in the fourth quadrant and has the same or- 
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cliuate as the point P 10 ; therefore P t = P n _ 10 (Fig. 18), 
and the equality t — n — 10 + 2nk holds for some inte- 
ger k. For the condition — jc/2 < t <C 0 to be fulfilled, 




it is necessary to set k — 2. Indeed, 

— Jt/2 < 3jt — 10 < 0 

(these inequalities follow from the estimate 3.1 < n <C 
3.2). Thus, 

t — 3n — 10 = arcsin (sin 10). ^ 

2. Solving the Equation cos t = m. Arc Cosine. To 
solve the equation cos t = m, it is necessary to find all 
real numbers t such that the abscissa of the point P t 
is equal to m. For this purpose, we draw a straight line 
x = m and find the points of its intersection with the 
trigonometric circle. A point of intersection exists if 
| m 1. One of the points of intersection (the point E 
in Fig. 19) necessarily lies in the upper half-plane, where 
and this point can be written in the form 

E — P t ,, where 0^ f 0 jt. 

Definition. The arc cosine of a number m is a number t 0 , 
lying on the closed interval [0, ji], such that its cosine is 
equal to m. The arc cosine of the number m is denoted by 
arccos m(or cos -1 to). 



a— 01 644 
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Obviously, the expression arccos m has sense only for 
|m|^l. By definition, 

cos (arccos m) = m, 0^ arccos ni ^ n. 

Note that the lower point of intersection coincides with 
the point F — P-i a . Therefore the general solution of the 

, equation cos t = m, 

[—1, 1] has the form 

t = ± arccos m -j- 2nk, k £ Z. 

Note also that the fol- 
lowing equality holds: 

arccos ( — m) 

= n — arccos m. 

Example 1.4,3. Find the 
value of arccos (cos 5). 
-^Let t — arccos (cos 5), 
then 0^ t ^ it, and 
cos t — cos 5. The point P r , 
Fig. 20 lies in the fourth quadrant 

(Fig. 20) since the inequal- 
ities 3 jt/2 < 5 < 2n hold, therefore the point P t , lying 
in the upper half-plane, must coincide with the point 
P_ 5 which is symmetric to P s with respect to the axis 
of abscissas, that is, t = —5 + 2nk. The condition 
0^ jt will be fulfilled if we take k — 1, therefore 
arccos (cos 5) = 2n — 5. ► 

Example 1.4.4. Prove that if O^x^l, then 
arcsin x = arccos [/ 1 — x 2 . 

■4 Let t arcsin x. Then 0^ t^Ln!2 since sint = 
0. Now, from the relationship cos 2 t + sin 2 t = 1 
we get: | cos / | ---• ]/ 1 — x 2 . But, bearing in mind 

that t £ [0, ji/ 2], we have: cos t = Y 1 — x 2 , whence 
t — aiccos y 1 — x 1 . ^ 

3. Solving the Equation tan t = m. Arc Tangent. 

To solve the equation tan t = m, it is necessary to find 
all real numbers t, such that the line passing through the 
origin and point P t intersects the line AB'\ x — 1 at 
a point Z t with ordinate equal to m (Fig. 21). The equa- 
tion of the straight line passing through the origin and P t 
is given by the formula y = mx. For an arbitrary real 
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number m there are exactly two points of intersection of 
the line y — mx with the trigonomclric circle. One of 
these points lies in the right-hand half-plane and can be 
represented in the form E — P to , where f 0 £ (—n/2, n/2). 

Definition. The arc tangent of a number m is a num- 
ber t 0 , lying on the open 
that tan t n = m. It is de- 
noted by arctan m (or 
tan -1 m). 

The general solution of 
the equation tan t — m 
(see Fig. 21) is: 

t = arctan m -f- nk, k £ Z. 

For all real values of m the 
following equalities hold: 

tan (arctan m) = m, 
arctan ( — m) — — arctan m. 

Arc cotangent is intro- 
duced in a similar way: for 
any R the number 
t = arccot m is uniquely 
defined by two conditions: 

0 <C t < ji, cot t —m. 

The general solution of 

t — arccot m + k 6 Z. 

The following identities occur: 

cot (arccot m) = m, arccot ( — m) — n — arccot m. 

Example 1.4.5. Prove that arctan (—2/5) = 
arccot (—5/2) — n. 

•^Let t = arccot (—5/2), then 0 < t <. n, cotf = 
— 5/2, and tan t — — 2/5. The point P t lies in the 
second quadrant, consequently, the point lies in 

the fourth quadrant, tan ( t — jx) = tan t = — 2/5, 
and the condition — n/2 <t—n<. n/2 is satisfied. 
Consequently, the number t — n satisfies both condi- 
tions defining arc tangent, i.e. 

t — jt — arctan (—2/5) == arccot (—5/2) — ax. ► 



interval (—n/2, n/2), such 




the equation cot t — m is 
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Example 1.4.6. Prove the identity 

sin (arctan x) — x/\J 1 -f- x i . 

■4 Let t — arctan x. Then tan t = x, and — n/2 < t < 
ji/ 2. Let us prove that sin£ = x!\f 1 ~f x 2 . For this 
purpose let us note that cos t > 0 since — n/2 <2 t <f n/2. 
By virtue of (1.10), 1/cos 2 l = 1 -)- tan 2 t — 1 -f- x 2 or 
cos t — 1/j/l -(- x 1 , whence sin t — tan t cos t — 

xY 1 -f- X 2 . P- 

It is clear from the above examples that when solving 
problems, it is convenient to use more formal definition of 
inverse trigonometric functions, for instance: t arccos m 
if (1) cos t = m, and (2) 0^ £^ ji. To solve problems 
on computation involving inverse trigonometric func- 
tions, it suffices to remember the above definitions and 
basic trigonometric formulas. 

PROBLEMS 

1.1. Locate the points by indicating the quadrants: 

( a ) ^lii (t>) ^*10-1/ 2’ Pyn+Y'z' 

1.2. Given a regular pentagon inscribed in the trigono- 
metric circle with vertices A h = P 2Jlft/r „ k — 0, 1 , 2, 3, 4. 
Find on which of the arcs joining two neighbouring ver- 
tices the following points lie: (a) P 10 , (b) P_„, (c) P 12 . 

1.3. Given a regular heptagon inscribed in the trigono- 
metric circle with vertices B k = P 2+2nft/7 , k — 0, 1, 2, 3, 
4, 5, 6. Find on which of the arcs joining the neighbouring 
vertices the point Pyy g ^ es - 

1.4. Prove that there is a regular TV-gon inscribed in 
the trigonometric circle such that its vertices include the 
points Py J+Iinnv V 2 + 7 */i 3 - Find t1le ,east Possible 
number N . 

1.5. Prove that any two points of the form P nx , P ny , 
where x, y are rational numbers, are vertices of a regular 
N-gon inscribed in the trigonometric circle. 

1.6. Find a necessary and sufficient condition for the 
points P a and P p to be vertices of one and the same regu- 
lar TV-gon inscribed in the trigonometric circle. 

1.7. Compare the following pairs of numbers: 

(a) sin 1 and sin (l-f-|-) 1 
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(b) cos(l-f--^-j and cos ^ 1 | -^L j . 

1.8. Determine the sign of the indicated number: 

(a) cos (l +-^-) , 

(b) cos (l cos (l + -^-) cos (l +-^-) 



X 



cos(i+-T-). 

1.9. Can the sine of an angle be equal to: 

(a) (a>0, a=£ 1), 

1.10. Determine the sign of the product sin 2 -sin 3 -sin 5. 

1.11. Evaluate: 



(a) sin 



lOiiln 



123n 



(c) sin ( — 117 jx/4), 



6 . (h) cos- 4 

(d) cos( — 205 ji/6). 

1.12. Determine the sign of the number tan 11. 

1.13. Evaluate: 



(a) tan 



lOlln 



(b) cot 



lOOlit 



4 1 \-y — 6 

1.14. Prove that for an arbitrary real number a £ II and 
an integer N > 1 the following equalities are valid: 



2 sin («-t~^)=°, 2 cos (« -r^r) =o. 

ft=0 ft— 0 

\\t i -Jf 

1.15. Prove that the function / (t) = tan 4- cot 

is periodic and find its fundamental period. 

1.16. Is the function / (t) — sin (2x + cos (V 2 x)) 
periodic? 

1.17. Prove that the function / (;r) = cos ( x 2 ) is not 
periodic. 

1.18. Prove that the function tan ( j/2x) + cot (|/3x) is 
not periodic. 
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1.19. Prove that the function / ( t ) = sin 3f cos 5 1 
is periodic and find its fundamental period. 

1.20. Prove that the function / (a:) — cos (Y \x\ l ) is 
not periodic. 

1.21. Find the fundamental period of the function: 

(a) y — cos nx + sin , 

(b) y — sin x -f cos -f tan . 

1.22. Find the fundamental period of the function y = 
15 sin 2 12a: + 12 sin 2 15a:. 

1.23. Prove that the function of the form / (x) = 
cos (ax -f sin ( bx )), where a and b are real nonzero num- 
bers, is periodic if and only if the number alb is rational. 

1.24. Prove that the function of the form / (a:) = 
cos (ax) -f tan (bx), where a and b are real nonzero num- 
bers, is periodic if and only if the ratio alb is a rational 
number. 

1.25. Prove that the function y = tan 5a; -f cot 3a; + 
4 sin x cos 2a: is odd. 

1.26. Prove that the function y — cos 4a; + sin 3 x 
tan x + 6a; 2 is even. 

1.27. Represent the function y = sin (x + 1) sin 3 (2a; — 
3) as a sum of an even and an odd function. 

1.28. Represent the function y — cos ( a: + _ ^“) + 

sin ^2a; — as a sum of an even and an odd function. 

1.29. Find all the values of the parameters a and b for 
which (a) the function / (t) = a sin t + b cos t is even, 

(b) the function f (t) = a cos t ~\- b sin t is odd. 

In Problems 1.30 to 1.32, without carrying out com- 
putations, determine the sign of the given difference. 

1.30. (a) sin-^ — sin , (b) cos 3.13 — sin 3.13. 

1.31. (a) sin 1 — sin 1.1, (b) sin 2 — sin 2.1, 

(c) sin 131° — sin 130°, (d) sin 200° — sin 201°. 

1.32. (a) cos 71° — cos 72°, (b) cos 1 — cos 0.9, 

(c) cos 100° — cos 99°, (d) cos 3.4 — cos 3.5. 
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1.33. Is the function cos (sin t) increasing or decreasing 
on the closed interval [— it/2, 01? 

1.34. Is the function sin (cos t ) increasing or decreasing 
on the closed interval [ji, 3n/2]? 

1.35. Prove that the function tan (cos t ) is decreasing 
on the closed interval [0, it/21. 

1.36. Is the function cos (sin (cos t)) increasing or de- 
creasing on the closed interval [ji/2, ji]? 

In Problems 1.37 to 1.40, given the value of one func- 
tion, find the values of other trigonometric functions. 

1.37. (a) sin t = 4/5, jt/2 < t < n, 

(b) sin t = —5/13, it < t < 3it/2, 

(c) sin t — —0.6, — it/2 </ 1 <Z 0. 

1.38. (a) cos t = 7/25, 0 < t < n/2, 

(b) cos t — —24/25, it <c t < 3it/2, 

(c) cos t = 15/17, 3it/2 <c t < 2it. 

1.39. (a) tan t = 3/4, 0 < t < ix/2, 

(b) tan t = —3/4, n/2 < t <Zn. 

1.40. (a) cot t — 12/5, it < t <C 3it/2, 

(b) cot t = —5/12, 3it/2 < t <c 2it. 

1.41. Solve the given equation: 

(a) 2 cos 2 t — 5 cos t + 2 = 0, (b) 6 cos 2 t + cos t — 
1 = 0. 

1.42. Find the roots of the equation cos t = —1/2 be- 
longing to the closed interval [— 2n, 6n]. 

1.43. Solve the equations: 

(a) tan t = 0, (b) tan t = 1, (c) tan 2t = 1^3, 

(d) tan 2f = — 1^3, (e) tan (< --J) - 1 = 0, 

(f) ]/ 3 tan (f +-^-) — 1. 

1.44. Compute: 

(a) arcsin O + arccos 0-f- arctan 0, 

. . 1 , /3 , . /3 

(b) arcsin — + arccos — ^ — f- arctan — — , 

(c) arcsin arccos ( — arctan ( • 

In Problems 1.45 to 1.47, prove the identities. 

1.45. (a) tan j arctan x | = | x |, (b) cos (arctan x) = 

i/yi + x 2 . 
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1.46. (a) cot | arccot x \ = x. 

(b) tan (arccot x) = 1 lx if x 0, 

(c) sin (arccot x) = 1/J/ 1 + x 2 , 

(d) cos (arccot a:) = x/}/ 1 + £ 2 - 



1.47. (a) arcsin x — arctan 



Y 1 — x 2 



and arccos x = 



arccot 



Y 1— a 



for O^x < 1, 



l/" x 2 

(b) arcsin x = arccot for CKx^l, 



(c) arctan — = arccot x 



= arcsin ■ 



1 



/l+x* 



— — arccos 



Yi+x 2 ' 



arccot — = arctan x 

X 



— arcsin - = arccos . — 

Y\+x 2 Y i+* 3 



for x > 0. 

3 12 5 

1.48. Express: (a) arcsin , (b) arccos ^ , (c) arctan^, 

3 

(d) arctan in terms of values of each of the three 
other inverse trigonometric functions. 

1.49. Express: (a) arccos ( — , (b) arctan ( — j , 

(c) arccot ( — in terms of values of each of the 

three other inverse trigonometric functions. 

1.50. Find sin a if tan a — 2 and ji < a < 3n/2. 




Chapter 2 

Identical Transformations 
of Trigonometric Expressions 



2.1. Addition Formulas 

There are many trigonometric formulas. Most cause 
difficulties to school-pupils and those entering college. 
Note that the two of them, most important formulas, 
are derived geometrically. These are the fundamental 
trigonometric identity sin 3 t + cos 3 t — 1 and the for- 
mula for the cosine of the sum (difference) of two numbers 
which is considered in this section. Note that the basic 
properties of trigonometric functions from Sec. 1.3 
(periodicity, evenness and oddness, monotonicity) are 
also obtained from geometric considerations. Any of 
the remaining trigonometric formulas can be easily ob- 
tained if the student well knows the relevant definitions 
and the properties of the fundamental trigonometric 
functions, as well as the two fundamental trigonometric 
formulas. For instance, formulas (1.10) and (1.11) from 
Item 4 of Sec. 1.3 relating cos t and tan t, and also sin t 
and cot t are not fundamental; they are derived from the 
fundamental trigonometric identity and the definitions 
of the functions tan t and cot t. The possibility of deriving 
a variety of trigonometric formulas from a few funda- 
mental formulas is a certain convenience, but requires an 
attentive approach to the logic of proofs. At the same 
time, such subdivision of trigonometric formulas into 
fundamental and nonfundamental (derived from the 
fundamental ones) is conventional. The student should 
also remember that among the derived formulas there are 
certain formulas which are used most frequently, e.g. 
double-argument and half-argument formulas, and also the 
formulas for transforming a product into a sum. To solve 
problems successfully, these formulas should be kept in 
mind so that they can be put to use straight away. A good 
technique to memorize such formulas consists in follow- 
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ing attentively the way they are derived and solving 
a certain number of problems pertaining to identical trans- 
formations of trigonometric expressions. 

1. The Cosine of the Sum and Difference of Two Real 
Numbers. One should not think that there are several 
basic addition formulas. We are going to derive the for- 
mula for the cosine of the sum of two real numbers and 




Fig. 22 



then show that other addition formulas are derived from 
it provided that the properties of evenness and oddness of 
the basic trigonometric functions are taken into consid- 
eration. 

To prove this formula, we shall need the following note. 
Under the trigonometric mapping 

P : R -*-S 

of the real axis R onto the trigonometric circle S (see 
Item 3, Sec. 1.1), line segments of equal length go into 
arcs of equal size. More precisely, this means the follow- 
ing. Let on the number line be taken four points: t u t 2 , 
t 9 , f 4 such that the distance from t 1 to t 2 is equal to the 
distance from t., to t 4 , that is, such that | t l — t 2 \ — 

I h and let P tt , P f< , P Uj p, be points on the 

coordinate circle corresponding to those points. Then the 
arcs P ti Pt, and P t ,P t , are congruent (Fig. 22). Hence it 
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follows that the chords P t l P t, and P t»P t 4 are also con- 
gruent: | P u P t , \ = | P t P u I- 

Theorem 2.1. For any real numbers t and s the following 
identity is valid: 



cos (t + s) — cos t cos s — sin t sin s. (2.1) 

Proof. Consider the point P 0 of intersection of the unit 
circle and the positive direction of the x-axis, P 0 = ( 1, 0). 
Then the corresponding points P t , P/+ s , and P- s are im- 
ages of the point P 0 when 
the plane is rotated about 
the origin through angles 
of t, t + s, and — s radians 
(Fig. 23). 

By the definition of the 
sine and cosine, the coordi- 
nates of the points P t , Pi+ S , 
and P_ s will be: 

P t = (cos t, sin f), 

Pi +S = (cos (t + s), 

sin (f-j-s)), 

P~s — ( c os (— s), sin (— s)) 

= (cos s, — sin s). 

Here we have also used the basic properties of the evenness 
of cosine and oddness of sine. We noted before the proof 
of the theorem that the lengths of the line segments 
P 0 P i+s and P- s Pt equal, hence we can equate the 
squares of their lengths. Thus, we get identity (2.1). 
Knowing the coordinates of the points P 0 and Pt+ S , we 
can find the square of the length of the line segment 
P 0 Pt+ s : | P 0 Pt+* i 2 = (1 — cos (t + s)) 2 + sin 2 (t + s) = 
1 — 2 cos (t + s) + oos 2 (t + s) 4- sin 2 ( t 4- s) or, by 
virtue of the fundamental trigonometric identity, 




Fig. 23 



| P 0 P I+S j 2 = 2 - 2 cos (t 4- *). 
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On the other hand, 

| P~ s Pt I 2 — (cos s — cos t) 2 + (—sin s — sin t) 2 
= cos 2 s — 2 cos a cos t -f- cos 2 t 
+ sin 2 s -f 2 sin s-sin t + sin 2 1 
— 2 — 2 cos t cos s + 2 sin t sin s. 

Here we have used the fundamental trigonometric identi- 
ty (1.9) once again. Consequently, from the equality 
| P 0 P t+s | 2 = | P. s P t | 2 we get 

2 — 2 cos (t -f s) — 2 — 2 cos t cos s + 2 sin t sin s, 

whence (2.1) follows. ^ 

Corollary 1 . For any real numbers t and s we have 

cos ( t — s) = cos t cos s -|- sin t sin s. (2.2) 

Proof. Let us represent the number t — s as (t + (—&')) 
and apply Theorem 2.1: 

cos ( t — s ) — cos ( t + ( — «)) 

= cos t cos ( — s) — sin t sin ( — s). 

Taking advantage of the properties of the evenness of co- 
sine and oddness of sine, we get: 

cos ( t — s) = cos t cos s + sin t sin s. p- 

In connection with the proof of identities (2.1) and (2.2), 
we should like to note that it is necessary to make sure 
that in deriving a certain identity we do not rely on anoth- 
er identity which, in turn, is obtained from the identity 
under consideration. For instance, the property of the 
evenness of cosine is sometimes proved as follows: 

cos ( — t) = cos (0 — t )= cos 0 cos t sinU sin t = cos t, 

that is, relying on the addition formula (2.2). When deriv- 
ing formula (2.2), we use the property of the evenness 
of the function cos t. Therefore the mentioned proof of 
the evenness of cos i may be recognized as correct 
only provided that the student can* justify the addition 
formula cos (i — s) without using this property of cosine. 

Example 2.1.1. Compute cos ^ = cos 15°. 
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•^Since 



%■ — ~ , we get from formula (2.2) for 



12 3 4 

t = n / 3 and s~n! 4: 



n /it ji\ it n , . n . ji 

cos 12 “ cos I y ~ T ) = cos T cos T ' sin T sm T 

1 /2 . 1^3 \ r 2 _ '/2+/ii w 



2 



2. Reduction Formulas. 

Corollary 2. For any roof number t we have 







COS (y~f) 


— sin t, 


(2.3) 






COS (y+f) 


--- — sin f, 


(2.4) 






cos (jl— t) 


— — cos t, 


(2.5) 






COS (jl + f) 


—cos f. 


(2.6) 


Let 


US 


use formula 


(2.2): 




cos | 


(f 


f ) = COS y 


cos t + sin y sin f 





— 0-cos t -f- 1 - sin £ = sin t, 
cos (ji — t) — cos jx cos t -j- sin Jt sin t 

= ( — 1) -cos f — 0-sin t = — cos t, 
which yields identities (2.3) and (2.5). We now use (2.1): 

( It , \ It , . 31 .. 

y + t\ — cos y cos t — sin y sin t 

— 0-cos t— 1 - sin t-= — sin t, 
cos (ji + t) = cos ji cos t — sin ji sin t 

= ( — 1) - cos t — 0-sin t = — cos t. 

These equalities prove identities (2.4) and (2.6). ^ 
Corollary 3. For any real number t we have 

sin (f -t) 

sin (y + f) 

sin (it — t) 
sin (ji -|- 1) = 



cos t, 


(2.7) 


— cos f, 


(2.8) 


— sin 


(2.9) 


= —sin f. 


(2.10) 
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Proof. Let us use identity (2.3): 

cos t — cos (-J— (-5 — 4 ) ) =si“ (f + t) - 

which yields identity (2.7). From identity (2.3) and the 
property of evenness of cosine there follows: 

cos t = cos (— <) =--- cos (y — (y + ) =- sin (y + f) , 

which proves identity (2.8). 

Further, by virtue of (2.8) and (2.3), we have: 

sin (jt— t) = sin (y + (y~ t) ) - cos (y— f) — sin t, 

and from identities (2.8) and (2.4) we get: 

sin sin (y + (y + i)) 

= cos (y + *) — sin t. > 

Remark. Using formulas (2.3)-(2.10), we can easily 
obtain reduction formulas for cos (4^- ± t'j , cos (2 jt — i) , 

sin sin(2n — t). The reader is invited to do 

this as an exercise. 

Example 2.1.2. Derive the reduction formula for 
cos 

■4 Using formulas (2.6) and (2.3), we have 

cos = COS («+ (^-t)) = -COS (y -t) 

= — sin t. ► 

Corollary 4. The reduction formulas for tangent and 
cotangent are 

tan (y— t) — cot t, tan (y + 1 j — — cot t, t^nk, 
cot ^4 — • l ) — tan t , cot (y -j - 1 j -- — tan t, 

t=£~Y + nk, 

tan (n — t) =$ — tan t, Z ^ y tiA-, 
cot(ji— t) — — cotZ, t^nk (k£Z). 
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Proof. All these formulas can be obtained from the 
definition of the functions tan t and cot t applying the 
appropriate reduction formulas. > 

Note that the reduction formulas together with the 
periodicity properties of the basic trigonometric functions 
make it possible to reduce the computation of the value of 
a trigonometric function at any point to its computation 
at a point in the closed interval [0, n/4). 

To facilitate the memorizing of the reduction formulas, 
the following mnemonic rule is recommended: 

(1) Assuming that find in which quad- 

rant the point P nk , k£ Z, lies, determine the sign 

~±t 

the given expression has in this quadrant, and put this 
sign before the obtained result. 

(2) When replacing the argument ji ± t or 2n — t by t, 
the name of the function is retained. 

(3) When replacing the argument y±i or ± t 

by t, the name of the function should be changed: sine for 
cosine and cosine for sine, tangent for cotangent and 
cotangent for tangent. 

3. Sine of a Sum (a Difference). 

Corollary 5. For any real numbers t and s the following 
identities are valid : 

sin (t + s) — sin t cos s + cos t sin s, (2.11) 

sin ( t — s) = sin t cos s — cos t sin s. (2.12) 

Proof. Using the reduction formula (2.3), we reduce sine 
to cosine: 

sin (f-|- s) = cos — (t + s) j — cos ( ( — t j — sj . 

We now apply the formula for the cosine of a differ- 
ence (2.2): 

sin ( t + s) — cos (-y — f ) cos s + sin | — t j sin s 
= sin t cos s -j- cos t sin s 

(in the last equality, we have used the reduction formu- 
las (2.3) and (2.7)). To prove formula (2.12), it suffices 
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to represent the difference l — s as t -|- ( — s) and use the 
proved identity (2.11) and the properties of the evenness 
of cosine and oddness of sine: 



sin (f — s) = sin ( t + (— s) = sin t cos (— s) 

+ cos t sin ( — s) = sin t cos s — cos t sin s. ^ 

4. Tangent of a Sum (a Difference). 

Corollary (>. For any real numbers t and s, except for 
t = -2- -f nk, t- j- s -- - j- -f nn (k, m, n £ Z) , 

the following identity holds: 



tan (t + s) — 



tan £-|-tan s 
1 — tan t tan s ' 



(2.13) 



Remark. The domains of permissible values of the 
arguments t and sare different for the right-hand and left- 
hand sides of (2.13). Indeed, the left-hand side is defined 

for all the values of t and s except t + s = y + nn, 
n 6 Z, while the right-hand side only for the values of t 
and s mentioned in Corollary 0. Thus, for t = y and 

s =-2- the left-hand side is defined, while the right-hand 
side is not. 

Proof. Let us apply the definition of tangent and for- 
mulas (2.11) and (2.1): 

. , sin (t j-s) sin t cos s+cos t sin s 

' ' cos (i + s) cos t cos s — sin t sin s 

Since cos t 0 and cos s ^ 0 (by hypothesis), both the 
numerator and denominator of the fraction can be divided 
by cosf cos s, then 



tan ( t -j- s) -( 



sin t , sin s 
cos t ' cos s 
sin t sin s 
cos t cos s 



l an t T tan s 
1 — t an t tan s * 



► 



Corollary 7. For any real t and s, except for t = 
1T+ IX ^’ s ^ -jj" T nwi, t — + (k, m, n(Z), the 
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following identity holds : 
tan (t — s) 



tan t — tan s 
1 + tan t tan s * 



(2.14) 



Remark. As in (2.13). the domains of permissible values 
of the arguments of the right-hand and left-hand sides 
of the identity are different. 

Proof. It suffices to replace s by — s in (2.13) and make 
use of the oddness property of tangent. ^ 

Example 2.1.3. Find tan|-|- + ij if tanf = -|-. 

•<Use formula (2.13), bearing in mind that tan-^- = l. 
We have 



tan 




JI 

tan + tan t 

71 

1 — tan —r tan t 
4 




► 



1 + tan t 
1 —tan t 



( 3 5 \ 

arcsin -f arccos -jj j . 

3 5 

Let t — arcsin , s = arccos . Then, by the def- 
inition of inverse trigonometric functions (Sec. 1.4), 
we have: 



sin t - 3/5, 0 <Z t <z n/2, 

cos s = 5/13, 0<sc n/2. 

Let us now find tan t and tan s, noting that tan t > 0 and 
tan s > 0: 



tan 2 1 - 
tan 2 s = 



sin 2 1 
1 — sin 2 1 
1 

cos 2 s 




9__ / JM 2 
16 “ \ 4 / ’ 




2 



(we have used formulas (1.9) and (1.10)). Therefore 
3 12 

tanf.— , s = -g— ; and we may use formula (2.13) for 



-01644 
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the tangent of a sum: 



tan (t + s) 



tan t + tun s 
1 — tan t tan s 

15 + 48 
20 — 36 — 



JS_ 12 
4+5 
, 3 12 

1 4 ' 5 



Example 2.1.5. Evaluate 

tan ( arccos ( — A j + arcsin ( — A j j . 

4 We use the properties of inverse trigonometric functions 
(see Items 1 and 2 of Sec. 1.4) 

arccos ( — Aj = n — arccos -A t 

/ 12 \ .12 
arcsin ( — — 1 = —arcsin , 

, 7 . 12 
and set t — arccos , s arcsin to get 

tan | arccos ( — A j _j_ arcsin ( — -A j j 

- tan (n — t — s) — — tan (t + s), 
cos t = 7/25, 0 < f < 3T./2, 

sin s = 12/13, 0 < s < ji/2. 

Proceeding as in the preceding example we have: tan t — 



and tan s- 



— tan (t + s) ~ — - 



24 12 

7 + 5 
24 12 



24-5 + 12-7 
24-12-5-7 



5. Cotangent of a Sum (a Difference). 

Corollary 8. For any real numbers t and s, except t = nk, 
s — nm, t + s — nn (k, m, n ( Z), the following identity 
holds true : 



cot (t + s) 



cot t cot s — 1 
cot t + cot S 



(2.15) 
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The proof follows from the definition of cotangent and 
formulas (2.1) and (2.11): 



cot ( t -f- s) 



cot (t-{-s) 
sin (t-{- s) 



cos t cos s — sin t sin s 
sin / cos s+cos t sin .? ' 



Since the product sin t sin s is not equal to zero since t ^ 
nk, s nm, (k, m £ Z), both the numerator and denomi- 
nator of the fraction may be divided by sin l sin s. Then 



cot (t + s) — 



cos t cos s 

— . • -■ I. — J 

sini sins cot 7 cots — 1 

cost . cos s cot t + cots 

sin t ' sin s 



► 



Corollary 9. For any real values of t and s , except t — nk, 
s = nm, and t — s = n??, (k, m, n £ Z), the following 
identity is valid: 



cot ( t — s) 



cot t cot s — | — 1 
cot t — cots ‘ 



(2.16) 



The proof follows from identity (2.15) and oddness prop- 
erty of cotangent. ^ 

6. Formulas of the Sum and Difference of Like Trigo- 
nometric Functions. The formulas to be considered here 
involve the transformation of the sum and difference of 
like trigonometric functions (of different arguments) into 
a product of trigonometric functions. These formulas are 
widely used when solving trigonometric equations to 
transform the left-hand side of an equation, whose right- 
hand side is zero, into a product. This done, the solution 
of such equations is usually reduced to solving elementary 
trigonometric equations considered in Chapter 1. All 
these formulas are corollaries of Theorem 2.1 and are 
frequently used. 

Corollary 10. For any real numbers t and s the following 
identities are valid: 

sin f-f sin s = 2 sin cos — > (2-17) 

sin t— sin s — 2 sin l ~ s - cos . (2.18) 

The proof is based on the formulas of the sine of a 
sum and a difference. Let us write the number t in the 
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£ _L ^ ^ ^ 

following form: t~ — t>— -t — Y~ 1 allc ^ *^ 10 uun, * )er s 

the form s = — t ~ s , and apply formulas (2.11) 

and (2.12): 

sin t — sin t - ^ s - cos + cos l ~ s sin , (2.19) 



sin s — sin 



t + s 
2 



COS 




cos 



t + S 
2 



sin 



t — s 
~ 2 ~ ■ 



( 2 . 20 ) 



Adding equalities (2.19) and (2.20) termwise, we get iden- 
tity (2.17), and, subtracting (2.20) from (2.19), we get iden- 
tity (2.18). ^ 

Corollary 11. For any real numbers t and s the following 
identities hold: 



cos t + cos s — 2 cos 1 ^ - s - cos - * 2 ■ -- , (2.21) 

cos t— cos s— — 2 sin t ~~ sin l + s . (2.22) 

The proof is very much akin to that of the preceding 
corollary. First, represent the numbers t and s as 

. t + s , t — s n t + s t — s 

t — — g I 2 ’ s ~ 2 2 ’ 

and then use formulas (2.1) and (2.2): 
cos £ — cos — g — cos — ^ — — sin — ^ — sin ■ ■ ■■ , (2.23) 

cos s = cos — ^ — cos— g psin ~ — sin — ^ — . (2.24) 



Adding equalities (2.23) and (2.24) termwise, we get 
identity (2.21). Identity (2.22) is obtained by subtracting 
(2.24) from (2.23) termwise. 

Corollary 12. For any real values of t and s, except 

Tt JI 

t ~~2 + nk, s = ~ 2 +nn (k, n£Z), the following iden- 
tities are valid : 



tan t + tan s = 



sin (t + s) 
cos t cos s 



sin (t — s) 



tan t — tan s = 



cos t cos s ' 



(2.25) 

(2.26) 




2.1. Addition Formulas 



53 



Proof. Let us use the definition of tangent: 



tan t + tan s 



sin t , sin s 
cos t ' cos s 
sin t cos s -f sin s cos t 
cos t cos s 



sin (t -f- s) 
cos t cos s 



(we have applied formula (2.11) for the sine of a sum). 
Similarly (using formula (2.12)), we get: 



tail t — tans = 



sin t 
cos t 



sin s 
cos s 



sin t cos s— sin s cos t _ sin (t — s) 
cos t cos s cos t cos s ’ 



► 



7. Formulas for Transforming a Product of Trigono- 
metric Functions into a Sum. These formulas are helpful 
in many cases, especially in finding derivatives and inte- 
grals of functions containing trigonometric expressions and 
in solving trigonometric inequalities and equations. 

Corollary 13. For any real values of t and s the following 
identity is valid: 

sin t cos s = -jp (sin (£ + s)-f sin (t — s)). (2.27) 

Proof. Again, we use formulas (2.11) and (2.12): 
sin (t -f- s) — sin t cos s -f- cos t sin s, 
sin (t — s) — sin t cos s — cos t sin s. 

Adding these equalities termwise and dividing both sides 
by 2, we get formula (2.27). ^ 

Corollary 14. For any real numbers t and s the following 
identities hold true: 

1 

cos t cos s — ~y (cos (t + s) -j- cos (t — &•)), (2.28) 

sin t sin s — -y (cos (t — s) — cos (t -f s)). (2.29) 

The proof of these identities becomes similar to that of 
the preceding corollary if we apply the formulas for the 
cosine of a difference and a sum: 

cos t cos s + sin t sin s = cos (t — s), (2.30) 

cos t cos s — sin t sin s = cos (t + s). (2.31) 
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Adding (2.30) and (2.31) termwise and dividing both sides 
of the equality by 2, we get identity (2.28). Similarly, 
identity (2.29) is obtained from the half-difference of 
equalities (2.30) and (2.31). >> 

8. Transforming the Expression a sin t + b cos t by 
Introducing an Auxiliary Angle. 

Theorem 2.2. For any real numbers a and b such that a 2 + 
b 2 ^ 0 there is a real number <p such that for any real value 
of t the following identity is valid: 

a sin f-f bcos t = Ya z + b z sin (t + cp). (2.32) 

For cp, we may take any number such that 

cos cp = a/Y a 2 + b 2 , (2.33) 

sin cp = blY a 2 + b z . (2.34) 

Proof. First, let us show that there is a number cp which 
simultaneously satisfies equalities (2.33) and (2.34). We 
define the number <p depending on the sign of the num- 
ber b in the following way: 



<p — arccos 



Y at + b* 



cp = — arccos 



V a* + b 2 



for b^O, 



for b<. 0. 



(2.35) 



The quantity arccos — a ■ — is defined since ■ , a ■ 
yV + & a Ya* + b 2 

(see Item 2, Sec. 1.4). By definition, we have: 

cos q> - cos ( |q> | > = cos ( arccos . 

From the fundamental trigonometric identity it follows 
that 

sm cp - 1 -cos2 cp = 1 = -T+W ' 

or |sin cp j c : . Note that the sign of sin cp co- 

V a 2 + 6 2 

incides with the sign of cp since | cp |sgC it. The signs of 
the numbers cp and b also coincide, therefore 



sin cp -■= 



Y a 2 +6 2 
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It remains to check that if the number (p satisfies the 
requirements (2.33) and (2.34), then equality (2.32) is 
fulfilled. Indeed, we have: 



a sin t + b cos t 

^Ya? + b z ( 



V „2 4-/)2 



sin t-\- 



- cos t 



— Y a 2 + b 2 (sin t cos cp + cos t sin q) , 
and, by virtue of (2.11), we get 



a sin f-f 6 cos t = Ya 2 + ft 2 sin (f-f <p). ^ 



2,2. Trigonometric Identities for Double, Triple, 
and Half Arguments 

1. Trigonometric Formulas of Double Argument. 
Theorem 2.3. For any real numbers a the following 



identities hold true: 

sin 2a = 2 sin a cos a, (2.36) 

cos 2a — cos 2 a — sin 2 a, (2.37) 

cos 2a = 2 cos 2 a — 1, (2.38) 

cos 2a = 1 — 2 sin 2 a. (2.39) 



Proof. Applying formula (2.11) for the sine of the sum 
of two numbers, we get 

sin 2a = sin (a + a) = sin a cos a + cos a sin a 
= 2 sin a • cos a. 

It we apply formula (2.1) for the cosine of a sum, then 
we get 

cos 2a = cos (a + a) = cos a cos a — sin a sin a 
= cos 2 a — sin 2 a. 

Identities (2.38) and (2.39) follow from identity (2.37) we 
have proved and the fundamental trigonometric identity 
(1.9): 

cos 2a = cos 2 a — sin 2 a 

= 2 cos 2 a — (cos 2 a + sin 2 a) = 2 sin 2 a — 1, 
cos 2a = cos 2 a — sin 2 a 

= (cos 2 a + sin 2 a) — 2 sin 2 a = 1 — 2 sin 2 a. ► 
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Corollary 1 . For any real values of a the following iden- 
tities are valid: 



cos 2 a ----- 
sin 2 a = 



1 -4- cos 2a 
2 

1 — cos 2a 
2 



(2.40) 

(2.41) 



Proof. Formula (2.40) follows directly from identity 
(2.38). Analogously, formula (2.41) is obtained from 
identity (2.39). ^ 

2. Expressing Trigonometric Functions in Terms of the 
Tangent of Half Argument (Universal Substitution For- 
mulas). The formulas considered here are of great impor- 
tance since they make it possible to reduce all basic 
trigonometric functions to one function, the tangent of 
half argument. 

Corollary 2. For any real number a, except a = n + 
2nn, n £ Z, the following identities are valid: 



2 tan y 

sin a = , 

1 + tan 2 y 
1 — tan 3 -y 

cos a = — . 

1 + tan 3 y 



(2.42) 

(2.43) 



Remark. The domains of permissible values of the 
arguments on the right-hand and left-hand sides of (2.42) 
and (2.43) differ: the left-hand sides are defined for all 
the values of a, while the right-hand sides only for the 
a's which are indicated in the corollary. 

Proof. By virtue of (2.36) and the fundamental trigono- 
metric identity (1.9), we have: 



sin a = sin 




„ . a a 
2 sin y cos — 

- 



„ . a « 

2 sin cos -y 

, a - . , a ' 
cos 3 y + sin 3 y 



By hypothesis, cosy does not vanish, therefore both 
the numerator and denominator of the fraction may be 
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divided by cos 2 , whence 
2 sin a 

sin a = - 



cos a 



2 tan|- 



sin 2 -jj- 1 -f- tan 2 - 



14- 



cos 2 



We now apply (2.37) and the fundamental trigonomet- 
ric identity and get 

cos a cos I 2 • ) — cos 2 -^ — sin 2 -g- 



sin 2 



, a . . a 
cos 2 -g — sin 2 

„ a . . , a 
cos 2 sin 2 -vj- 



COS 2 -7T 



1-tan 2 ~ 



sin 2 1 + tan 2 



cos 2 - 



Corollary 3. For any real numbers a, except a = — -\- 
nk, a = jt + 2nn (k, n£ Z) the following identity holds ; 



tan a = 



2 tan -2- 



1 — tan 2 -y 



(2.44) 



Proof. Note that, by hypothesis, cos a does not vanish, 
and the condition of Corollary 2 is fulfilled. Consequently, 
we may use the definition of tangent and then divide 
termwise identity (2.42) by identity (2.43) to get 

a 



tan a 



sin a 



2 tan y 



1 — tan 2 



2 



1 + tan 2 y 



1 -f tan 2 y 



2 tan y 



1 — tan 2 
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Remark. This formula can also be derived from (2.13). 
Indeed, 

2 tan 

tan a — tan + = — . 

Z/ 1 — tan 2 ~ 

Corollary 4. For any real numbers a, except a — nn 
( n 6 Z), the identity 



1 — tan 2 ~ 

cot a — (2 .45) 

2tanf 

is fulfilled. 

Proof. The values of the number a satisfy the require- 
ments of Corollary 2 and sin a does not vanish, therefore 
identity (2.45) follows directly from the definition of 
cotangent and identities (2.42) and (2.43): 



cot a — 



cos a 
sin a 



t — tan 2 ~ 
l + tan 2 y 



2tan f 

1 + tan 2 



1 = tan 2 ~ 

= « • ► 

2 tan y 

Example 2.2.1. Evaluate sin (2 arctan 5). 

-^Let us use formula (2.42). If we set a = 2 arctan 5, 
then 0 < a <z n and a/2 = arctan 5, and, by virtue of 
(2.42), we have 



2 t an ~2 

sin a = 

1 + tan 2 ~ 



2 tan (arctan 5) 
1+ (tan (arctan 5)) 2 



2j5__ J5_ . 

26 13 * ^ 



Example 2.2.2. Evaluate cos (2 arctan ( — 7)). 



◄ Let us denote a = 2 arctan ( — 7), then tan y = — 7 
and — 3t<a<CO. Using formula (2.43), we get 



cos a =- 



1 — tan 2 y 



1-49 
1+49 — 



24_ 
25 * 



► 



1 + tan 2 ~ 
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Example 2.2.3. Evaluate tan (2 arctan 3). 

•^Setting a = 2 arctan 3, we get tan — = 3 > 1 and 
Using formula (2.44), we get 



tan a — 



2 tan 4r 
1 — tan 2 ~ 




3. Trigonometric Formulas of Half Argument. 
Corollary 5. For any real number a the following identi- 
ties are valid : 



co S i=±/i+!Ei, (2.46) 

sin -f = ± j/ , (2.47) 



where the sign depends on the quadrant in which the point 
P a / 2 lies and coincides with the sign of the values contained 
on the left-hand sides of the equalities (in that quadrant). 
Proof. Applying identity (2.40), we get 



, a 

cos 2 t : 



whence 



1-1-cos 



1 -{-cos a 



cos 



t! = / 2 



+ cos a 



To get rid of the modulus sign, the expression cos-^- 
should be given the sign corresponding to the quadrant 
~ lies in; whence follows formula (2.46). Similarly 
(2.41) yields equality (2.47). ^ . 

Corollary 6. For any real number a, except a = n (2 n -f 
1) (n £ Z), the following identities are valid 




1 —cos a 
1 -f- cos a 



(2.48) 
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( the sign before the radical depends on the quadrant the 
point P a / 2 lies in), 



tan 



a 

T 



sin a 

i + cos a ' 



(2.49) 



Proof. Identity (2.48) is obtained if we take into consid- 
eration that cos ct^O and divide identity (2.47) by 
(2.40) termwise. Further, by virtue of (2.36) and (2.40), 
we have: 



a „ . a a 

sin T 2 sin coa 

i Ct 2t u 

tan -Tj- = = — 

2 a , a 

cos 2 cos 2 -g- 



sin a 

1 -f- cos a ' 



► 



Corollary 7. For any real number a, except a 
(« ( Z), the following identity is valid: 



nn 



tan ■ 



1 — cos a 



, - . . (2.50) 

2 sin a ' ' 

Proof. In this case the condition sin 0 is ful- 

filled, therefore from (2.36) and (2.41) there follows 



tan 



a 



a 

sin T 



2 sin 2 ~ 



cos - 



... a a 
2 sin -g- cos -g- 



« 1 — cos (2 (a/2)) 

1 sin (2 (a/2)) 



1 — cos a 
sin a 



Corollary 8. For any real value of a, except a = 2nn, 
n 6 Z, the following identities hold true: 



. a , , / 1 + cos a 

cot -g- = ± y ^ 



-cos a 



(2.51) 



(the sign before the radical depends on the quadrant the 
point Pa /2 lies in) 




sin a 

1 — cos a ‘ 



(2.52) 



Proof. Since by hypothesis sin-|-=^=0, formula (2.51) 
is obtained after termwise division of (2.46) by (2.47). 
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From identities (2.36) and (2.41) it also follows that 
a 



a 

cot T = ■ 



COS 



2 



« . a a 
2 sin cos -g- 



. a 

s,n T 



2 sin 2 • 



1 — cos a 



Corollary 9. For any real number a, except a — im, n 6 Z, 

the following identity is valid : 

, 1 + cos a 

cot a = — ^ . 

sin a 

Proof. By virtue of (2.36) and (2.40), we have: 
a 



cot- 



2 cos 2 y 



1 +cos a 



„ . a a 
2 sin y cos y 



Example 2.2.4. Evaluate sin ~ , cos , tan-^-. 

O o O 

•^Let us first apply identities (2.46) and (2.47) with 
a = y and take the radical to be positive since y 



belongs to the first quadrant. We have 

4 =/ 



cos 



1 + COS y 



V2+V2 

2 



sin 



JL — V 

C * 



1 — COS 



T >^2— 1^2 



Further, 



, Jl 

tany- 



sin 



8 V 2 — V~2 



Jl 

COSy 



2+ /2 



V 



(2 — >4 2 ) 2 



/ /~v / -v =--V 2-1. ► 

( 2 +/ 2 ) ( 2 - V 2 ) 

Example 2.2.5. Evaluate cos ^yarccos ^ — w)) ' 

^Let a — arccos ( — fir)’ t ^ ien cosa^ — 



1 

in 



0< 



a < ji and ~ lies in the first quadrant. Now, using 
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formula (2.46) with a positive radical, wo get 
cos (4-arccos = ]/~ j P ■■ 



r 2o 1 



3 / 5 



4 . Trigonometric Formulas of Triple Argument. 
Theorem 2 . 4 . For any real numbers a the following 
identities are valid: 

sin 3a = 3 sin a — 4 sin 3 a, (2.53) 

cos 3a = 4 cos 3 a — 3 cos a. (2.54) 

Proof. From (2.11), (2.36), (2.39) and the fundamental 
trigonometric identity it follows that 

sin 3a — sin (a -j- 2a) = sin a cos 2a + cos a sin 2a 
= sin a (1 — 2 sin 2 a) + cos a (2 sin a cos a) 

= sin a — 2 sin 3 a + 2 sin a cos 2 a 
= sin a — 2 sin 3 a-f 2 sin a (1 — sin 2 a) 

= 3 sin a — 4 sin 3 a. 

Further, by virtue of (2.1), (2.36), (2.38), and the funda- 
mental trigonometric identity, we have 

cos 3a = cos (a -f- 2a) — cos a cos 2a — sin a sin 2a 
= cos a (2 cos 2 a — 1) — sin a (2 sin a cos a) 

= 2 cos 3 a — cos a — 2 sin 2 a cos a 
= 2 cos 3 a — cos a — 2(1 — cos 2 a) cos a 
= 4 cos 3 a — 3 cos a. ► 

Example 2 . 2 . 6 . Evaluate cos^3arccos (“ "j)) • 

( 1 \ 1 
— y \ , then cos a = — — . We make use 

of identity (2.54) to get 

cos 3a = 4 cos 3 a — 3 cos a 
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Example 2.2.7. Evaluate sin ^3 arcsin ^ j . 

1 1 

•^Let a = arcsin -g- , then sin a = -g- . We use identi- 
ty (2.53); whence there follows: 



sin 3a = 3.1 — 4- ± 



71 

125 * 



► 



2.3. Solution of Problems Involving 
Trigonometric Transformations 



1. Evaluation of Trigonometric Expressions. A number 
of problems require the value of a trigonometric function 
for values of the argument that have not been tabulated 
nor can be reduced to tabular values by reduction or 
periodicity formulas, that is, they do not have the form 
nfc/6 or jc/c/4, k £ Z. Sometimes, the value of the argu- 
ment can be expressed in terms of such tabular values 
and then apply the addition formulas for half or multiple 
arguments. 

Example 2.3.1. Evaluate tan-^. 



-4 Since ^ = y — -g- , we may apply formula (2.14) for 
the tangent of a difference: 



* n 

tan ir 



tan 




jt ji 

tan tan -g- 



31 II 

1 + tan tan -g- 



1 



1 

/3 



1 + 1 - 



1 

/3 



/ 3 — 1 
/3+1 



(/3-l) 2 
(l'3 + l) 0/3-1) 



2 — 1/ 3 * 



► 



Example 2.3.2. Evaluate cot-^p. 

•4 Noting that 4 , we apply formula (2.15) 

for the cotangent of a sum: 






cot cot ~g — 1 



Jt . Jl 

cot — 4 cot. -g- 



1-/.3-1 (/3-l) a 

1 + /3 3-i 



2 — 1/3. 



► 
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In the cases when the argument is expressed in terms of 
inverse trigonometric functions, we have to transform the 
given expression so as to take advantage of the definition 
of inverse trigonometric functions. 

Example 2.3.3. Evaluate 



A 



lli 1 


1 • , 
— — arem n 




l 4 


— ^ | 


l 5 1) 



^ Using first identity (2.50) for the tangent of half argu- 
ment and then the corresponding reduction formula, 
we get 



J / 3it 1 

1 - cos [ 2 2 


arcsin ^ 


-r)) 


/ 3n 1 


. / 


4 ) ) 


sin y ~2 ~2 arcsin y — 

1 + sin arcsin | 


■t)) 

> 


— cos | -j arcsin | 




)' 



We set a arcsin ( — , then sina=— , 

a<0, cos 2 a-^ 1 — sin 2 a — 1— Conse- 

3 

quently, cosa = -^-, and, by virtue of (2.47) and (2.46) 
for the sine and cosine of half argument, we get 



sin 



_v_ 

2 



cos 



a 

~2 




1 — cos a 
~2 




1 

/5 ’ 




1 -f cos a 
2 




2 

VI ' 



The signs before the radicals have been determined 
from the condition — Finally, 

1-/5 . 






2 
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Example 



2.3.4. Evaluate 



arcsin y + arcsin 



12 
13 ‘ 



■^Let a — arcsin y , (5 



arcsin . Then 
13 



sm a — 



0<oc<-^-, sinp==||-, 0<p < —and 0<a + p<n> 

i.e. the number a + p lies in the domain of values of 
arc cosine. Since the points P a and P p lie in the first 
quadrant, 

cos a — Y 1 — sin 2 a = 4/5, 
cos p == Y 1 — sin 2 p = 5/13, 

and we may apply formula (2.1) for the cosine of a sum: 
cos (a + P) = cos a cos p — sin a sin p 
4 5 3 12 16 

~ 5 ' 13 5 ' 13 65 ’ 



whence it follows that a + p — arccos 




► 



When solving such problems, a common error consists 
in that the magnitude of the argument a + P is not 
aken into account. They reason like this: by the formula 
or the sine of the sum of numbers, we may write 



sin (a + p) = sin a cos p -j- cos a sin p 
_ 3_ _5 4_ 12 _ 63 

~ 5 '13 + 5 ‘l3~65’ 

63 

tand then conclude incorrectly that a + P = arcsin 
although the number a + P does not belong to the do- 
main of values of arc sine since a + P > — . 

Example 2.3.5. Evaluate arctan 4 — arctan 5. 

Let a — arctan 4, p — arctan 5, then tan a — 4, 

0 <a< y-, tan'p = 5, 0 <P < -y and y < a-P < 

31 

~Y . Let us use formula (2.14): 



tan (a P) = 



tan a — tan ft 
1 + tan a tan {5 



4-5 

1+4-5 



21 



5-01644 
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Consequently, a — p - a retail ^ — since the number 
a— p lies in the domain of values of arc tangent. 

Example 2.3.6. Evaluate sin 10° -sin 30° -sin 50° -sin 70°. 
^Let us make use of the reduction formula (2.3) and 
multiply the given expression by cos 10°; we get 

cos 10° sin 10° sin 30° cos 40° cos 20°. 

Now, we may apply formula (2.30) for the sine of a double 
angle for three times, namely: 

cos 10° sin 0'° sin 30° cos 20° cos 40° 

= Y (2 cos 10° sin 10°) -j cos 20° cos 40° 

= ~ • — • y (2 sin 20° cos 20°) cos 40° 

= 4- • 4- (2 sin 40° cos 40°) — -j- sin 80". 

o 2 x '1(3 

Since the initial expression was multiplied by cos 10° = 
sin 80°, it is now obvious that it is equal to jg. > 
Example 2.3.7. Prove the equality 

1 i/3 , 

sin 10° cos 10° 

•^Multiply botli sides of the equality by the number 
sin 10° cos 10° which is not zero. This transformation 
is reversible, and the equality being proved now has the 
form 

cos 10° — 1/3 sin 10° = 4 sin 10° cos 10°, 
or 

2^ cos 10° T^-sin 10°) --2 sin 20°, 

2 sin (30° — 10°) = 2 sin 20°. 

We have used formulas (2.36) and (2.12) and have shown 
that both sides of the equality are equal to the same 
number 2 sin 20°. ^ 

The examples considered above show that in computa- 
tional problems it is often convenient first to carry out 
simplifications with the aid of known trigonometric for- 
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mulas. For instance, it is useful to single out the expres- 
sion of the form sin 2 a -f cos 2 a which is equal to 1 by 
virtue of the fundamental trigonometric identity. 
Example 2.3.8. Evaluate 

sin 4 -g- + cos 4 -g- 4 - sm 4 -g- + cos 4 -g^- . 

A long solution would be first to compute the 

jx 3jt In 

values sin -g- , cos— g-, sin -g-, and cos— g- with the 

aid of half-argument formulas and then to raise the 
terms to the fourth power and to add them together. 
However, we first use reduction formulas (2.3), (2.8), and 
(2.5) according to which 

3ft / n n \ . n 

cos— = cos(- T -- r )=sm — , 

5 n .in. it \ n In 

sm-g- = sm (_ + x ) = cos-g-=:-cos T . 

Consequently, the given expression can be rewritten as 
follows: 

2(sin 4 -|- + cos 4 -^) 

= 2 ( sin 2 cos 2 ) 2 — 2 • 2 sin 2 -g- cos 2 -g- 

= 2.1-sin>-2- = 2-i = -|. 

Here, we have used the fundamental trigonometric iden- 
tity, formula (2.36) for the sine of a double angle, and 

n V2 

also the tabular value sin ^ 

Example 2.3.9. It is known that cos tp 4- sin tp = a, 
where tp and a are real numbers. Find sin 3 tp 4- cos 3 <p. 

sin 3 tp-|-cos 3 tp 

= (sin cp -(- cos tp) (sin 2 <p — sin tp cos tp 4- cos 2 tp) 

( 3 

Y (sin 2 tp4-cos 2 tp) 

— y (sin 2 q) 4- 2 sin tp cos tp 4- cos 2 tp) ) 
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~ a (i ~ 4 (sin<p + cos cp)^) =a (|—4) 

= 4 a ~T a3 - ► 

Example 2.3.10. Evaluate 

. _ coa 70° cos 10° + cos 80° cos 20° 

~ cos 68° cos 8° + cos 82° cos 22° ' 

First use the reduction formulas and then formula (2.2) 
for the cosine of the difference between two numbers: 

. cos 70° cos 10° + c os (90° - 10°) cos (90° - 70°) 

A ~~ cos 68° cos 8° + cos (90°- 8°) cos (90° — 68°) 

cos 70° cos 10°+ sin 10° sin 70° cos (70° — 10°) 

— cos 68° cos 8° + si n 8° sin 68° ~ cos (68° — 8°) 

cos 60° . 

— cos 60° “ 1 ' 

Example 2.3.11. Find sin a ^ and cos , if 
21 27 

sin a-j-sinp = — ^ , cosa + cosp = — gg, and Jt<a — 
P<3n. 

It follows from the two equalities that 

(cos a + cos P) 2 + (sin oc + sin P) 2 = (27) ^f 1)2 , 
whence we get: 

(cos 2 a + sin 2 a) + 2 (cos a cos p + sin a sin P) + 

(cos 2 P -+* sin 2 P) = 18/65, 

1 + 2 cos (a — P)+ 1 — 18/65, 

1 + cos (a — P) = 9/65 , 

2 cos 2 44 — 9/65 . 

Consequently, by virtue of the inequalities < 
a — p 3 ji 
2^2 

«-p _ 3 

2 /130 ’ 



cos 
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Transform the sum of two sines into a product using 
formula (2.17): 

sin a + sin p = 2 sin K ~^ cos 



Consequently, 



sin 



a ~fP 

2 



/2 
/ 65 



a + P 
2 ’ 



( 2i ) ■{ 


3/2 


7 


l 65/ • ( 


/65 


/ 130 



Similarly, hy virtue of the identity (2.21), we get 



, n r. «+P a — P 
cos a + cos p — 2 cos — ~ cos — — 



3 >/2 



/65 



— cos 



a +P 



Therefore 



cos 



«4~P 

2 




► 



An interesting method of solving problems on computing 
the values of trigonometric expressions consists in the 
following: we first try to find and then apply an algebraic 
condition which is satisfied by the given expression. Here 

is an instructive example: sin = sin 72° = cos 18°. 
Example 2.3.12. Prove that 

cos 18°=}/ 5 t^ 5 . 

Consider the continued identity based on the formula 
for the sine of a double argument: 

cos 18° sin 18° cos 36° = ~ (2 sin 18° cos 18°) cos 36° 



— y si n (2 • 18°) cos 36° = ~ sin 36° cos 36° 
= Y (2 sin 36° cos 36°) = sin 72° 

= ~ cos (90° — 72°) = y C< 5 S 18°, 
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2. Identical Transformations 



which yields the equality 

sin 18° cos 36° = , 

since cos 18° =+ 0. Using formula (2.39), we write cos 30°= 
1 — 2 sin 2 18° and, consequently, gel the relationship 

sin 18° (1 — 2 sin 2 18°) — 
or 

8 sin 3 18° — 4 sin 18° + 1 = 0, 

that is, an algebraic equation which is satisfied by the 
number sin 18°. Setting sin 18° = a, we can solve the 
cubic equation thus obtained 

8a 3 — 4a: + 1 = 0 

by factorizing its left-hand side by grouping the terms in 
the following way: 

8a: 3 - Ax + 1 = 2x (4a 2 - 1) - (2a - 1) 

= (2a - 1) (4a 2 + 2a - 1). 

Consequently, our equation takes the form: (2a — 1) x 
(4a 2 + 2a— 1) = 0, its roots being a, -= y , a 2 = ^ , 

x 3 = ~ 1 ^ . Since 0<C 18° < sin 30° — y (by Theo- 

rem 1.4), then at^sin 18°, a 2 ^sin 18°, consequently, 
sin 18° — ^ . Hence (since cos 18° > 0) 

cos 18° - l/l -sin 2 18° = \ f 1 - ^~ 1 )' 

=v =v rtt p-- ► 

2. Simplifying Trigonometric Expressions and Proving 
Trigonometric Identities. The usual method of proving 
a trigonometric identity consists in that one of its sides 
is transformed with the aid of various trigonometric and 
algebraic operations and also with the aid of the relation- 




2.3. Trigonometric Trans formations 
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ships given in the hypothesis so as to get finally the ex- 
pression which represents the other side of the identity. 
We can make sure that the left-hand and right-hand sides 
coincide, transforming them separately so as to get 
equal expressions. It is only reguired that all the trans- 
formations carried out be reversible in the domain of per- 
missible values of the arguments of the given equality 
(that is, for all values of the arguments for which all the 
expressions involved in the given identity make sense). 
This means that not only from each equality obtained 
during the process of transformations there follows a con- 
sequent equality, but also vice versa, the preceding equa- 
lity itself must follow from the consequent one. This meth- 
od of reasoning, of course, seems to he rather general 
and is used for solving equations and systems as well as 
for proving and solving inequalities. 

Example 2.3.13. Prove that if 




sin (x— a) cos (*- a) + sin (x — fj) cos (x — J5) 
sin (x — a) cos ( x — fh + cos (i — a) sin (x — p) 



2 



(sin 2 (x — a) -j- si u 2 (x — (J)) 



sin ((x — a) + (x — P)) 



sin (2x — (re-f-P)) cos (a — ft) 
sin (2x — (a-j-p)) 



= cos (a — P) . 



The last transformation consisted in dividing both the 
numerator and denominator of the fraction by the num- 
ber sin(2.r — (a + P)). This transformation is reversible 
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2. Identical Transformations 



since sin (2x - (a + p)) = fc- g +^\?» n ..^-P> C08 < J --P) ^ 0 

for the values of the arguments i, a, P considered 
in the problem. ^ 

Example 2.3.14. Simplify the expression 
sin 3 2a cos 6a + cos 3 2a sin 6a. 

Applying formulas (2.53) and (2.54) for the sine and co- 
sine of a triple argument and also formula (2.11), we get 

sin 3 2a cos 6a -f cos 3 2a sin 6a 

— ( ~ sin 2a — sin 6a j cos 6a 

3 i \ 

~j- ^ -£• cos 2a 4- -g cos 6a j sin 6a 

3 . 1 

= -r sin 2a cos 6a — r sin 6a cos 6a 

4 4 

3 1 

+ -j- cos 2a sin 6a + cos 6a sin 6a 

Q 

= (sin 2a cos 6a 4- cos 2a sin 6a) 

3 3 

= -£- sin (2a -f 6a) — sin 8a. 

All the transformations carried out are reversible, arid 
any real value of a is permissible. ^ 

Example 2.3.15. Prove that the expression 

2 (sin 6 x + cos 6 x) — 3 (sin 4 x + cos 4 x) 

is independent of x. 

■4 Apply the fundamental trigonometric identity: 

2 (sin 6 x + cos 6 x) — 3 (sin 4 x 4- cos 4 x) 

= 2 ((sin 2 a:) 3 + (cos 2 x) 3 ) — 3 sin 4 x — 3 cos 4 x 
= 2 (sin 2 x + cos 2 x) (sin 4 x — sin 2 x cos 2 x 4- cos 4 x) 

— 3 sin 4 x — 3 cos 4 x 

= 2 (sin 4 x — sin 2 x cos 2 x -f cos 4 x) 

— 3 sin 4 x — 3 cos 4 x 

= — (sin 4 x + 2 sin 2 x cos 3 x 4- cos 4 x) 

= — (sin 2 x 4- cos 2 x)" 2 = — 1. ^ 




